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Abstract

For infinitely many rates R ∈ (0, 1), we show that full-length Reed–Solomon codes over fields
of low characteristic can contain super-polynomially many codewords in a Hamming ball of
radius just exceeding the Johnson radius. Over prime fields, we exhibit full-length Reed–Solomon
codes of constant rate R with polynomially many codewords in a Hamming ball of relative
radius bounded strictly below 1 − R. This refutes a recent conjecture that, over prime fields,
list sizes below capacity are always bounded by a constant. Together, these results demonstrate
that certain restrictions in recent works on explicit Reed–Solomon codes achieving list-decoding
capacity, related to the choice of field or evaluation points or to the list-size guarantee, are
inherent.
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1 Introduction

List decoding, introduced by Elias and Wozencraft [Eli57, Woz58], is a decoding paradigm in which a
decoder for a code C ⊆ Σn over a finite alphabet Σ receives a word y ∈ Σn and outputs all codewords
c ∈ C satisfying dH(c, y) ⩽ ρn, where dH denotes Hamming distance and ρ is the prescribed fractional
decoding radius. Unlike unique decoding, which seeks a single codeword close to the received word,
list decoding remains meaningful beyond half the minimum distance of C, where a received word may
be close to multiple codewords. More formally, we call C (ρ, L)-list-decodable if |C ∩B(y, ρn)| ⩽ L
for every y ∈ Σn, where B(y, r) := {z ∈ Σn : dH(z, y) ⩽ r} denotes the Hamming ball of radius r
around y. A central goal in list-decoding is to maximize the decoding radius ρ while keeping the list
size L small, ideally by a constant or at most a polynomial in n. For arbitrary codes, a first general
answer to this question is provided by the Johnson bound [Joh62] (for simple proofs and extensions,
see [GS01]). Specifically, if a code C has relative distance δ, then the list size |C ∩B(y, ρn)| is at
most polynomial in n for every y ∈ Σn whenever ρ < 1 −

√
1− δ, and it is in fact O(1/ε) when

ρ = 1−
√
1− δ − ε. We call 1−

√
1− δ the Johnson radius.

A canonical family of codes in this context is Reed–Solomon codes [RS60], whose optimal distance
makes them especially well suited to the study of list-decoding. A Reed–Solomon code of dimension
k over a finite field F encodes each polynomial in F[X] of degree less than k by its values at n distinct
evaluation points in F. It has rate R = k/n and relative distance δ = (n− k + 1)/n = 1−R+ 1/n,
which meets the Singleton bound [Sin64]. Consequently, since 1− δ = R− 1/n, its Johnson radius
equals 1 −

√︁
R− 1/n, which, as a function of the rate R, is 1 −

√
R up to an additive O(1/n)

term. Thus, this optimal distance translates into a strong list-decoding guarantee, and this is
made particularly compelling by the existence of efficient algorithms that achieve it. This began
with classical algorithms [Pet60, Ber68, Mas69, WB86] that decode Reed–Solomon codewords in
polynomial time up to half their minimum distance and was later extended to the list-decoding
algorithm of Guruswami and Sudan [GS99], building on Sudan’s earlier algorithm [Sud97], that goes
up to the Johnson radius for arbitrary Reed–Solomon codes.

In general, however, super-polynomial list sizes can occur just beyond the Johnson radius. A
folklore random coding argument shows that there are (not necessarily linear) codes C of relative
distance δ and words y for which |C ∩B(y, ρn)| is super-polynomial in n, with ρ only slightly
exceeding 1−

√
1− δ [GRS00, Section 4.3]. Moreover, this phenomenon can occur even for binary

linear codes [Gur02, GS03].1

These limitations raise the question of how far beyond the Johnson radius Reed–Solomon codes
can be efficiently list-decoded. The ultimate limit is the list-decoding capacity 1 − R, beyond
which no code of rate R can have sub-exponential list sizes. Indeed, if |Σ| ⩾ n, say, then for
every ε > 0 the product |C| · |B(y, (1−R+ ε)n)| exceeds |Σ|n by an exponential factor, and hence
|C ∩B(y, (1−R+ ε)n)| is exponential in n on average over a uniformly random center y ∈ Σn.
On the other hand, random codes of rate R over large alphabets achieve the capacity, being
(1−R− ε,O(1/ε))-list-decodable [ZP81, Eli91].

For Reed–Solomon codes, however, it remained conceivable that every such code could be list-
decoded beyond the Johnson radius, and in fact up to the capacity 1−R, with polynomially bounded
lists. More precisely, one could hope that for every ε > 0, every Reed–Solomon code of rate R is (1−
R− ε, L)-list-decodable with L polynomial in n. Some evidence for this possibility comes from Reed–
Solomon codes with random (or generic) evaluation points over large fields, which exhibit behavior

1For binary codes, the Johnson radius is (1 −
√
1− 2δ)/2, and more generally, for alphabet size q, it is (1 −

1/q)(1−
√︁

1− qδ/(q − 1)).
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similar to that of random linear codes. Starting with the work of Rudra and Wootters [RW14] in the
high-noise regime, and later that of Shangguan and Tamo [ST23], a sequence of works established list-
decodability of such codes beyond the Johnson radius [ST23, GLS+21, FKS22, GST23], eventually
reaching capacity with constant list size [BGM23, GZ23, AGL24, AGG+25]. However, these results
apply to random evaluation points and provide no guarantees for a particular Reed–Solomon code,
such as the full-length code over a given field, whose evaluation points are all the elements of the
field and whose length n is therefore the field size. For arbitrary evaluation points, the recent work
of Brakensiek, Chen, Putterman, Zhang and Zheng [BCP+26] establishes capacity-approaching
list-decoding over sufficiently large prime fields, as we discuss below.

The contrasting possibility—that the Johnson radius is the true limit for some Reed–Solomon
codes—has been explored in several earlier works. This began with the work of Justesen and
Høholdt [JH01], which studied the list sizes of MDS codes (codes meeting the Singleton bound,
such as Reed–Solomon codes) around the Johnson radius, proving upper bounds on the number of
codewords and exhibiting received words with polynomially many nearby codewords. In a related
direction, Guruswami and Rudra [GR06] considered the notion of list recovery, a generalization of
list decoding in which each coordinate of the received word is replaced by a small set of allowed
symbols, and showed that Reed–Solomon codes cannot be list-recovered beyond the natural analogue
of the Johnson radius with polynomially bounded lists. Their construction uses polynomials over
an extension field that take values in a subfield, an ingredient that also appears in our proof of
Theorem 1.1.

Complementing these combinatorial investigations, several works have established computational
barriers to decoding Reed–Solomon codes. In particular, maximum-likelihood decoding is NP-hard
in general [GV05], and in certain parameter regimes, list-decoding beyond the Johnson radius is
at least as hard as computing discrete logarithms in finite fields [CW07]. These hardness results,
however, do not rule out polynomially bounded list sizes.

An earlier precursor to our work, more directly addressing the existence of large lists beyond
the Johnson radius, is the work of Ben-Sasson, Kopparty and Radhakrishnan [BSKR10], who used
subspace polynomials to construct received words with super-polynomially many nearby codewords
in full-length Reed–Solomon codes beyond the Johnson radius. Their construction, however, yields
super-polynomial list sizes only when the code rate tends to zero, a regime in which both the Johnson
radius and the list-decoding capacity approach 1. At any fixed positive rate, the list sizes obtained
by their construction are only polynomial in the block length.

Extension field RS codes that are not list-decodable just past the Johnson radius. Our
first result shows that the Johnson radius is essentially a barrier to list decoding with polynomially
bounded lists for certain full-length Reed–Solomon codes of constant rate over extension fields.
Specifically, for rates R = q−2 and R = (1− q−1)2, where q is a prime power, we construct received
words with super-polynomially many nearby codewords at a relative distance arbitrarily close to
the Johnson radius 1 −

√
R from above. In particular, there is a received word y such that for

every fixed ε > 0, these codes have super-polynomially many codewords in the Hamming ball
B
(︂
y, (1−

√
R+ ε)n

)︂
. Unlike the earlier constructions based on subspace polynomials, our lower

bounds hold at constant rate, where the Johnson radius and the list-decoding capacity 1−R are
separated by a constant. Our result also addresses a question left open by the recent work of
Brakensiek, Chen, Putterman, Zhang, and Zheng [BCP+26], who established capacity-approaching
list-decodability for arbitrary evaluation points over sufficiently large prime fields, leaving open
whether analogous guarantees hold over general finite fields. We show that such guarantees cannot
hold in general over extension fields of fixed characteristic.
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Theorem 1.1 (Not all RS codes are list-decodable beyond Johnson radius). Let q be any prime
power, and let R be either q−2 or (1− q−1)2. For every integer t ⩾ 1, let n = q4t. Then there is an
explicit received word y ∈ Fn

q4t such that the full-length Reed–Solomon code over Fq4t of rate R has
nΩq(logn) codewords at relative distance 1−

√
R+Oq(n

−1/4) from y.

Together with the Johnson bound, Theorem 1.1 (proved in Section 3) shows that the Johnson
radius is essentially the exact threshold for polynomially bounded lists in these full-length Reed–
Solomon codes. For q ranging over prime powers, this phenomenon occurs at two infinite families
of constant rates, R = q−2 and R = (1− q−1)2, which approach 0 and 1, respectively, as q grows.
At each of these rates, one can be o(1) close to the Johnson radius and still get super-polynomially
large lists. Whether the same phenomenon occurs at every fixed rate R ∈ (0, 1) remains open.

Thus, for a Reed–Solomon code of rate R over a field of small characteristic to be (1−
√
R+ε, L)-

list-decodable, for a fixed ε > 0 and with L polynomial in n, one has to place restrictions on its
set of evaluation points. Indeed, the fields Fq4t in Theorem 1.1 all have the characteristic of the
fixed base field Fq, and the codes in the theorem use every element of these fields as an evaluation
point. In a companion paper [AGG26], we show a positive result in this regard: for a careful choice
of explicit evaluation points in an extension field, one can list-decode up to capacity, and in fact
achieve a list size that is optimal as a function of the gap to capacity.

Prime field RS codes. For prime fields, as discussed earlier, a striking recent result of Brakensiek,
Chen, Putterman, Zhang, and Zheng [BCP+26] established that Reed–Solomon codes over sufficiently
large prime fields can be list-decoded up to capacity, that is, up to a relative radius approaching
1 − R, for every choice of evaluation points. More precisely, for every constant rate R and every
ε > 0, provided the prime is at least a suitable constant multiple (depending on R and ε) of the code
length, every Reed–Solomon code of rate R over the prime field is (1−R− ε, L)-list-decodable with
L polynomial in the field size, and the list can be found in time polynomial in the field size [BCP+26,
Corollary 5.1]. The formulation in Harsha, Kumar and Saptharishi [HKS26, Theorem 1.1] (and also
the immediate follow-up [Jer26] to [BCP+26]) requires only p ⩾ n over a prime field Fp, and therefore
covers every prime-field Reed–Solomon code of constant rate R < 1, including the full-length code
(they also make the list size polynomial in the block length as opposed to field size).

The result of [BCP+26], however, yields a polynomial list-size bound with a large exponent that
depends doubly exponentially on 1/ε. It has been conjectured [CGH+26, Conjecture 1] that, over
prime fields, list-decoding capacity can in fact be achieved with a constant list size L = L(R, ε). In
the opposite direction, Krachun, Kazanin, and Haböck [KKH26, Theorem 1] constructed arbitrarily
large polynomial lists for Reed–Solomon codes over prime fields whose evaluation points form a
multiplicative subgroup, but only at a vanishing gap of order 1/ logn below capacity.

Our second result refutes this conjecture definitively by exhibiting lists of polynomial size for
full-length Reed–Solomon codes at a constant gap below capacity. Specifically, for every integer
m ⩾ 2 with m ≡ 2 (mod 3), it gives full-length Reed–Solomon codes over prime fields of rate
R ≈ 2/(3m) with at least poly(n) codewords in a Hamming ball of relative radius about 1− 1/m,
which is about 1/(3m) below the capacity 1−R.

Theorem 1.2 (Linear-sized lists below capacity over prime fields). Let m ⩾ 2 be an integer such that
m ≡ 2 (mod 3). Then, there exist infinitely many primes p such that the full-length Reed–Solomon
code over Fp of length n = p and dimension 2(p+m−1)

3m has an explicit received word y ∈ Fn
p at

Hamming distance exactly p− p−1
m from at least n codewords.

We prove Theorem 1.2 in Section 4. There is no technical dependence between Theorems 1.1
and 1.2, so one can read Section 4 independently from Section 3.
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Setting m = 2 in Theorem 1.2 gives us the following corollary.

Corollary 1.3 (Linear lists below capacity over prime fields). For infinitely many primes p, the
full-length Reed–Solomon code over Fp of length n = p and dimension (p + 1)/3 has an explicit
received word y ∈ Fn

p at Hamming distance exactly (p+ 1)/2 from at least n codewords.

Via a simple list-amplification technique described in the overview below, one can boost the list
size in Theorem 1.2 to obtain any polynomial list size, at the expense of a larger decoding radius.
This is the content of the following result.

Theorem 1.4 (Arbitrary polynomial-lists). For any integer ℓ ⩾ 2, there are infinitely many primes
p such that the full-length Reed–Solomon code over Fp of length n = p and rate R = Ω(1/ℓ) is not
(1−R− Ω(1/ℓ2),

(︁
n
ℓ

)︁
/2)-list-decodable.

Organization. Section 2 provides an overview of the ideas behind the proofs of both cases. In
Section 3, we prove the limitations of list-decoding at the Johnson bound for small characteristic
fields (Theorem 1.1). In Section 4, we prove the limitations over prime fields (Theorem 1.2 and
Theorem 1.4). There is no technical dependence between Theorems 1.1 and 1.2 (with the latter
being simpler), and so they can be read independently.

Concurrent work. In independent recent works, Dao, Kominers, Thaler and Zheng [DKTZ26]
and Zhu [Zhu26] also prove a lower bound for list decoding full-length Reed–Solomon codes of rate
q−2 whenever q is a power of two, with list size nΩq(logn) at relative radius 1− q−1 + o(1). Their
results thus include the low-rate conclusion of Theorem 1.1 when q is a power of two. Neither of
these works has any result concerning limitations of list decoding prime field Reed–Solomon codes,
and in particular do not include the analogs of Theorems 1.2 and 1.4.

2 Proof overview

To demonstrate a list-size lower bound of L at relative radius ρ, we need to exhibit a received word
with L distinct codewords within relative Hamming distance ρ. Concretely, let F be a finite field, set
n := |F|, and let C ⊆ Fn be the full-length Reed–Solomon code of rate R ∈ (0, 1), evaluated at all
elements of F. By interpolation, any received word y ∈ Fn can be written as y = (g(α))α∈F for a
polynomial g ∈ F[X] of degree less than n. Each codeword ci ∈ C is the evaluation ci = (fi(α))α∈F
of a message fi ∈ F[X] of degree less than Rn. Thus ci agrees with y at a position α ∈ F precisely
when g(α)− fi(α) = 0. Defining the error polynomial pi := g − fi, we can therefore reformulate the
problem as finding distinct polynomials p1, . . . , pL ∈ F[X] satisfying the following two properties.

(i) Each pi has at least (1− ρ)n distinct roots in F.

(ii) The polynomials share all coefficients of degree at least Rn; equivalently, deg(pi − pj) < Rn
for every i, j.

Indeed, the first property expresses the required agreements, and the second follows from pi − pj =
fj−fi. Conversely, given such polynomials, let g be their common high-degree part. Then fi := g−pi
are distinct messages of degree less than Rn, whose evaluations agree with the evaluation of g at the
roots of pi. Since evaluation is injective on polynomials of degree less than n, this gives L distinct
codewords within distance ρn of a common received word.

The difficulty is to satisfy both properties simultaneously. On the one hand, we can easily satisfy
property (ii) by taking a common monomial XD, with D ⩾ Rn, and adding a few terms of degree
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less than Rn. However, this offers no control over the number of roots in F. On the other hand,
we can choose arbitrary sets A1, . . . , AL ⊆ F of size at least (1− ρ)n and take pi :=

∏︁
a∈Ai

(X − a).
These polynomials automatically satisfy property (i), but ensuring that their high-degree coefficients
agree is much more difficult.

Indeed, a root polynomial of degree (1 − ρ)n has about (1 − ρ − R)n high-degree coefficients,
with roughly n(1−ρ−R)n possible coefficient tuples. For a radius ρ bounded a constant below the
capacity 1−R, this number far exceeds the at most 2n subsets of F, so direct pigeonholing does not
guarantee a large family with a common high-degree part. The counting argument of Justesen and
Høholdt [JH01], as reformulated in [BSKR10], follows this approach, but applies only at radii close
to capacity.

This brings us to a natural question about polynomials over finite fields: how does the sparsity of
a polynomial relate to the number of roots it has? Our constructions exploit this connection through
structured choices of the agreement sets Ai, allowing us to obtain many roots while arranging the
required cancellation of high-degree terms.

In this overview, we reverse the order of the main proofs, beginning with the simpler construction
over prime fields before turning to extension fields.

2.1 Prime fields: choosing and moving the agreement sets

Our prime-field construction starts with a set whose root polynomial is especially sparse: a multi-
plicative subgroup H ⊆ F×

p of size t, with root polynomial Xt − 1. We obtain many agreement sets
Ai by moving H under low-degree maps. The key observation is that the multiplicative symmetry of
H forces a long gap below the leading term even after its roots have been moved. Specifically, if
f(0) = 0 and 1 ⩽ deg(f) = d < t, then

Pf (X) :=
∏︂
u∈H

(X − f(u)), deg(Pf −Xt) ⩽ t− ⌈t/d⌉ .

Thus, low-degree maps preserve a common high-degree part, while maps that are injective on H
preserve the number of distinct roots. This separates the two requirements on our error polynomials
(Lemma 4.1).

For primes p ≡ 2 (mod 3), a convenient family is given by the shifted cubes fa(X) = (X+a)3−a3,
indexed by a ∈ Fp. These maps are permutations of Fp, so each agreement set Aa = fa(H) has size
t. Choosing a proper subgroup with t > 3 and t ≡ 2 (mod 3) also makes these sets pairwise distinct:
a single moment of Aa recovers a. Consequently, the p error polynomials Pfa all have t roots and
share the top part Xt, with the remaining terms of degree at most about 2t/3. Taking t to be a fixed
positive fraction of p gives linear-sized lists at a constant gap below capacity, proving Theorem 1.2.
For example, taking H to be the squares gives rate about 1/3 and relative distance about 1/2.

To obtain larger lists, we multiply ℓ of these error polynomials. Their root sets become unions of
ℓ moved copies of H, and the products retain a common top part Xℓt with a gap of about t/3 below
it. Choosing H sufficiently small keeps the average overlap between the copies low, so many unions
contain nearly ℓt points. Now, we show that sufficiently many moments show that different choices
of factors give distinct products. This yields lists of size Ωℓ(n

ℓ) at rate Θ(1/ℓ) and a gap Ω(1/ℓ2)
below capacity, as in Theorem 1.4. The details are in Section 4.
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2.2 Extension fields: subspaces and the BKR construction

Over Fqm , we can instead exploit its vector space structure over Fq. The construction of Ben-Sasson,
Kopparty and Radhakrishnan [BSKR10] chooses the agreement sets Ai to be Fq-linear subspaces. If
A has dimension r, its subspace polynomial is linearized:

pA(X) :=
∏︂
a∈A

(X − a) = Xqr +
r−1∑︂
j=0

cjX
qj .

The qr roots give the agreements, and the restriction to powers of q leaves very few high-degree
coefficients to control.

A useful illustration is offered by hyperplanes. Let Tr : Fqm → Fq be the field trace. Every
Fq-linear functional on Fqm is uniquely of the form x ↦→ Tr(λx). Thus every hyperplane is the kernel
of such a functional with λ ≠ 0, and its monic root polynomial is pA = λ−n/q Tr(λX), where n = qm.
Its leading term is Xn/q and its next possible term has degree n/q2. Hence all (n − 1)/(q − 1)
hyperplanes already give error polynomials with a common top part for code dimension n/q2 + 1,
each with n/q roots. This gives a linear-sized list at a radius approaching the Johnson radius for
rate q−2.

Allowing subspaces of other dimensions gives the more general BKR construction. Its counting
argument yields super-polynomial lists when the rate tends to zero, but only polynomial lists at
constant rate. To obtain super-polynomial lists at constant rate, we need a much larger family of
agreement sets while retaining control of the high-degree coefficients.

2.3 From subspaces to quadratic agreement sets for super-polynomial lists

For fixed q, a subspace containing a constant fraction of Fqm has bounded codimension, leaving only
polynomially many choices. A natural next step is to replace linear equations by quadratic ones.
Their zero sets can still contain about n/q points, where n = qm, but there are qΘ(m2) quadratic
forms. This offers enough agreement sets for a super-polynomial list at constant rate, provided we
can obtain error polynomials with a common high-degree part.

Here we encounter an additional issue. Although quadratic in the Fq-coordinates, Q has much
larger degree as a univariate polynomial. Unlike a subspace polynomial, it can have repeated roots,
so its degree need not equal the size of its zero set. It turns out that understanding these extra
multiplicities will also help us align the high-degree coefficients.

The link comes from the bilinear form BQ(x, y) = Q(x+ y)−Q(x)−Q(y). For each fixed y, this
is a linear functional of x, so the trace representation used in the hyperplane example lets us write
BQ(x, y) = Tr(xLQ(y)) for a unique coefficient LQ(y). Bilinearity makes y ↦→ LQ(y) an Fq-linear
map, represented by a linearized polynomial of degree less than n. The construction below will
ensure deg(Q) < 2n/q. Under this condition, we have the key identity

Qq −Q ≡ (Xn −X)LQ. (1)

The factor Xn −X is natural: since Q is Fq-valued, Qq −Q vanishes at every field element. The
identity says more by identifying the quotient with LQ. For suitable Q, this factor accounts for the
extra root multiplicities, and removing part of it will give the desired common high-degree part. We
therefore seek a large family in which these multiplicities can be controlled.

The hyperplane example suggests how to build such a family. There we composed the trace with
the linear maps x ↦→ λx. We now compose a fixed quadratic form H with a richer collection of linear
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maps P , giving Q(x) = H(P (x)). Its zero set is the preimage under P of the zero set of H. This
preserves the quadratic structure while allowing many agreement sets. Taking P to be a low-degree
linearized polynomial also controls the univariate exponents.

A convenient choice of H comes from the field structure itself. For m = 4t, take the norm
x ↦→ x · xq2t from Fq4t to Fq2t , followed by the trace from Fq2t to Fq. The norm multiplies two
Fq-linear maps, and the trace makes the resulting quadratic form Fq-valued. We want every root
of LQ to be a zero of Q. To arrange this, we first choose a t-dimensional subspace U on which H
vanishes. On U⊥, with orthogonality defined by the bilinear form of H, we have H(x+ u) = H(x)
for every x ∈ U⊥ and u ∈ U . This suggests choosing P to have image U⊥. Then Q is unchanged by
translation along P−1(U) and vanishes on this subspace. In fact, kerLQ = P−1(U), so Q vanishes
on the entire kernel of LQ. This gives the roots at which we will later remove the extra multiplicity.

We choose a monic P of degree qt, the smallest possible degree for a polynomial whose kernel
has qt points. This keeps the powers of q appearing in the two factors of the norm separated: the
shift by 2t in P (X)q

2t exceeds the range of indices in P . Consequently, even after taking the trace,
the polynomial representing Q on the field contains only mixed terms Xqi+qj with i ̸= j. Its degree
is therefore less than 2n/q (in fact at most n/q + n/q2), as required for the key identity.

The same restriction controls the correction factor LQ. Its powers Xqk have indices between t

and 3t, so it can be written as LQ = Sqt with deg(S) ⩽ q2t. Here the polynomial root exists because
every exponent is divisible by qt and every coefficient has a qtth root in the field. In particular, LQ

has the polynomial qth root we will need.
The subspace W = P−1(U) has q2t points, all of which are roots of S. These already exhaust

its degree bound. Thus S is a scalar multiple of the subspace polynomial of W , and deg(LQ) =
qt deg(S) = q3t = n3/4. This explains the role of the subspaces in our construction: they ensure that
the correction factor has all its roots among the zeros of Q, while its degree remains small compared
with n.

We can now return to the error polynomials. The extra input from our construction is that
every root of LQ lies in the field and is a zero of Q. Using these two facts, the key identity (1)
shows that each such root has multiplicity in Q exactly one greater than its multiplicity in LQ.
Hence LQ divides Q, and dividing by the polynomial q’th root established above gives a polynomial
pQ = Q/L

1/q
Q with precisely the same zeros as Q.

Once this division is justified, the common high-degree part follows directly from the key identity.
Indeed, dividing the key identity by LQ gives pqQ = Xn −X +Q/LQ, and rearranging we have

(pQ −Xn/q)q ≡ Q/LQ −X.

Comparing degrees in the key identity gives q deg(Q) = n + deg(LQ), so deg(Q/LQ) < n/q. It
follows that pQ = Xn/q − fQ with deg(fQ) < n/q2. This partial removal of multiplicity preserves
every zero and gives error polynomials with the same leading term Xn/q, with all remaining terms
of degree less than n/q2, exactly as we desired.

There are many choices of U : when selecting an ordered basis, at least q3t − q2t choices remain
at each step while keeping H zero on the span. A fixed Q accounts for at most q2t2 such bases, since
the possible kernels of P lie inside the fixed 2t-dimensional space ker(LQ). Comparing these counts
gives at least qt

2
/2 = nΩq(logn) distinct forms (Lemma 3.8).

Their zero sets have size deg(Q/LQ) = n/q − Oq(n
3/4). At most q − 1 forms give the same

codeword after normalization. We therefore obtain a super-polynomial list at rate R = q−2 with
agreement fraction just below

√
R (Section 3.1).
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For the high-rate result, we use the agreement set {α : Q(α) ̸= 1}, with slightly fewer than
(1 − 1/q)n points. Multiplying the factors Q − c for c ∈ Fq \ {1} and again removing suitable
multiplicities gives the required common high-degree part at rate R = (1− q−1)2, again just beyond
the Johnson radius (Section 3.2).

3 Superpolynomial lists just past the Johnson radius in extension
fields

In this section, we prove Theorem 1.1. Throughout this section, we fix a prime power q and an
integer t ⩾ 1, and we set m := 4t to be the degree of the field extension Fq4t/Fq in which we work.
For any integer s ⩾ 1, we write ≡ to denote polynomial identities in Fqs [X] and = for equalities over
Fqs . We call a polynomial P ∈ Fqs [X] Fq-valued if P (α) ∈ Fq for every α ∈ Fqs . The field trace
from Fqs to Fq is the polynomial TrFqs/Fq

∈ Fq4t [X] defined as

TrFqs/Fq
(X) :=

s−1∑︂
i=0

Xqi .

For the sake of brevity, we abbreviate TrFq4t/Fq
to Tr throughout. Note that for any α ∈ Fq4t , we

have that Tr(α)q = Tr(α), and so Tr(α) ∈ Fq. Thus, the trace map is an Fq-valued polynomial.
Next, we recall linearized polynomials.

Definition 3.1 (Linearized polynomials). A polynomial L ∈ Fq4t [X] is said to be linearized if it
has the form L(X) ≡

∑︁r
i=0 aiX

qi for some integer r ⩾ 0 and coefficients a0, . . . , ar ∈ Fq4t . Such a
polynomial is additionally said to be symmetric if Tr(L(α)β) = Tr(αL(β)) for every α, β ∈ Fq4t .

To clarify the nomenclature behind linearized polynomials, observe that, equivalently, a polyno-
mial L ∈ Fq4t [X] is linearized if it satisfies the identities L(X+Y ) ≡ L(X)+L(Y ) and L(cX) ≡ cL(X)
for every c ∈ Fq. Thus, when deg(L) < q4t, one can equivalently regard linearized polynomials as
Fq-linear maps L : Fq4t → Fq4t . Consequently, the set of roots of L over Fq4t forms an Fq-vector
space. We call this set the kernel of L, denoted ker(L) := {α ∈ Fq4t : L(α) = 0}. Additionally, the
image of L, denoted im(L) := {L(α) : α ∈ Fq4t}, also forms an Fq-subspace.

Next, we state the following proposition, which characterizes Fq-valued linearized polynomials.

Proposition 3.2 (Fq-valued linearized polynomials). All Fq-valued linearized polynomials L ∈
Fq4t [X] satisfying deg(L) < q4t are of the form Tr(λX) for some unique λ ∈ Fq4t .

Proof. For every λ ∈ Fq4t , the polynomial Tr(λX) ≡
∑︁4t−1

i=0 λqiXqi is an Fq-valued linearized
polynomial of degree less than q4t. Moreover, the map λ ↦→ Tr(λX) is an injective Fq-linear map
from Fq4t into the Fq-vector space of Fq-valued linearized polynomials of degree less than q4t. Each
polynomial in this space is determined by its values on Fq4t , which form an Fq-linear map from Fq4t

to Fq, and hence the space has dimension at most 4t = dimFq(Fq4t). Thus, the map λ ↦→ Tr(λX) is
a bijection, which gives both the existence and the uniqueness of λ.

Next, we introduce quadratic forms, the class of polynomials of primary interest in this work.

Definition 3.3 (Quadratic forms). A quadratic form is any Fq-valued polynomial Q ∈ Fq4t [X] of
the form

Q(X) ≡
∑︂

0⩽i⩽j<4t

ai,jX
qi+qj with ai,j ∈ Fq4t .
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To analyze quadratic forms, we consider their polarizations and the resulting linearized polynomial,
which is the content of the following lemma.

Lemma 3.4 (The polarization polynomial). Let Q ∈ Fq4t [X] be any quadratic form. Then there is
a unique linearized polynomial LQ ∈ Fq4t [X] with deg(LQ) < q4t satisfying

Q(X + α)−Q(X)−Q(α) ≡ Tr(XLQ(α)) for all α ∈ Fq4t .

Moreover, the linearized polynomial LQ is symmetric.

Proof. Fix α ∈ Fq4t , and define the polynomial

Rα(X) := Q(X + α)−Q(X)−Q(α).

First, observe that Rα(X) is a linearized polynomial with deg(Rα) < q4t. Indeed, expanding things
out, we see that

Rα(X) ≡ Q(X + α)−Q(X)−Q(α)

≡
∑︂

0⩽i⩽j<4t

ai,j

(︂
(X + α)q

i+qj −Xqi+qj − αqi+qj
)︂

≡
∑︂

0⩽i⩽j<4t

ai,j

(︂
αqjXqi + αqiXqj

)︂
.

Thus, Rα consists of monomials of the form Xqi , implying that it is linearized. Moreover, by
definition, because Q is Fq-valued, so is Rα. Thus, by Proposition 3.2, we can find a unique λ(α)
satisfying Rα(X) ≡ Tr(Xλ(α)).

From the expansion above, observe that Rα+β(X) ≡ Rα(X) +Rβ(X). Thus, by uniqueness, we
see that λ(α+ β) = λ(α) + λ(β) for any α, β ∈ Fq4t . Similarly, Rcα(X) ≡ cRα(X) for every c ∈ Fq

and α ∈ Fq4t , so uniqueness gives λ(cα) = cλ(α). Thus λ is Fq-linear. By interpolation, we can thus
find a unique linearized polynomial LQ ∈ Fq4t [X] with deg(LQ) < q4t satisfying LQ(α) = λ(α) for
all α ∈ Fq4t . Moreover, its symmetry follows from the observation that Rα(β) = Rβ(α), which is a
direct consequence of the definition of Rα.

As it turns out, a quadratic form Q and its polarization polynomial LQ are connected through a
distinct relationship, expressed by the following key identity.

Lemma 3.5 (Key identity). Let Q be a quadratic form with deg(Q) < 2q4t−1, or equivalently, with
the coefficient a4t−1,4t−1 of the highest possible monomial X2q4t−1 equal to zero. Then

Qq −Q ≡ (Xq4t −X)LQ. (2)

Proof. Define the polynomial G := Qq −Q− (Xq4t −X)LQ. Because deg(Q) < 2q4t−1, we see that
deg(G) < 2q4t. Moreover, from the fact that Q is Fq-valued, we see that G(α) = 0 for all α ∈ Fq4t .
Thus, we can write G ≡ (Xq4t − X)H for H ∈ Fq4t [X] satisfying deg(H) < q4t. Now, for every
α ∈ Fq4t , by Lemma 3.4, observe that

G(X + α)−G(X) ≡ (Q(X + α)−Q(X))q − (Q(X + α)−Q(X))− (Xq4t −X)LQ(α)

≡ (Tr(XLQ(α)) +Q(α))q − (Tr(XLQ(α)) +Q(α))− (Xq4t −X)LQ(α)
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≡
4t∑︂
i=1

(XLQ(α))
qi −

4t−1∑︂
i=0

(XLQ(α))
qi − (Xq4t −X)LQ(α)

≡ (XLQ(α))
q4t −XLQ(α)− (Xq4t −X)LQ(α)

≡ 0.

Since G ≡ (Xq4t −X)H, we thus see that H(X + α) ≡ H(X) for all α ∈ Fq4t . Combined with the
bound deg(H) < q4t, we deduce that H is a constant polynomial. Since every monomial in G has
degree at least 2, we see that H has no constant term. Hence H ≡ 0, which concludes the proof.

Next, we will characterize the root structure of Q. To do so, we first distinguish the forms that
vanish on the kernel of their polarization polynomial, which is an automatic feature when q is odd,
but not when q is even.2

Definition 3.6 (Proper quadratic forms). A quadratic form Q is said to be proper if Q|ker(LQ) = 0,
that is, Q(α) = 0 for every α ∈ ker(LQ).

With this backdrop, under mild assumptions on Q, we can now present a characterization of the
root structure of Q, and more generally its level sets.

Corollary 3.7 (Level sets). Let Q ∈ Fq4t [X] be a nonzero proper quadratic form with deg(Q) <
2q4t−1. If LQ splits over Fq4t , then LQ divides Q and deg(Q) = (q4t + deg(LQ))/q. In this case, for
every c ∈ Fq, ⃓⃓

{α ∈ Fq4t : Q(α) = c}
⃓⃓
=

{︄
deg(Q)− deg(LQ) if c = 0,

deg(Q) if c ̸= 0.

Proof. From the degree bound on Q, by Lemma 3.5, Eq. (2) holds. In particular, we see that LQ

must divide Qq −Q ≡
∏︁

c∈Fq
(Q− c). Since Q is proper and LQ splits completely, we thus see that

gcd(LQ, Q− c) = 1 for every nonzero c ∈ Fq. Thus, we deduce that LQ divides Q.
Moreover, from Eq. (2), observe that

Q

LQ

∏︂
c∈F×

q

(Q− c) ≡ Xq4t −X.

In particular, the polynomials Q − c for c ∈ Fq \ {0} and Q/LQ all split completely and have no
repeated roots. Furthermore, Q/LQ shares the same set of roots as Q. Comparing degrees thus
gives q deg(Q)− deg(LQ) = q4t and the stated counts.

Finally, we show that there are super-polynomially many choices of quadratic forms satisfying
the needed assumptions.

Lemma 3.8 (A family of proper quadratic forms). There are at least qt2/2 distinct nonzero proper
quadratic forms Q ∈ Fq4t [X] with deg(Q) < 2q4t−1, for which LQ has degree q3t and all its roots lie
in Fq4t, each with multiplicity qt.

2To see this when q is odd, notice that homogeneity of Q yields Q(2X) ≡ 4Q(X). Plugging in X = α in Lemma 3.4,
we see that Q(α) = 1

2
Tr(αLQ(α)), which directly implies properness.
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Proof. For any linearized polynomial P ∈ Fq4t [X] with deg(P ) ⩽ qt, let Q be the remainder of
TrFq2t/Fq

(P (X)q
2t+1) modulo Xq4t −X. First, observe that Q is Fq-valued, as the norm z ↦→ zq

2t+1

maps Fq4t into Fq2t . Moreover, by using deg(P ) ⩽ qt, expanding TrFq2t/Fq
(P (X)q

2t+1) and reducing

modulo Xq4t −X, one can check that Q consists of monomials of the form Xqi+qj for 0 ⩽ i < j < 4t.
Consequently, Q is an Fq-valued quadratic form satisfying the degree bound deg(Q) ⩽ q4t−1+q4t−2 <
2q4t−1.

Now, for any α, β ∈ Fq4t , from the linearity of P , observe that

Tr(αLQ(β)) = Q(α+ β)−Q(α)−Q(β)

= TrFq2t/Fq
(P (α+ β)q

2t+1)− TrFq2t/Fq
(P (α)q

2t+1)− TrFq2t/Fq
(P (β)q

2t+1)

= TrFq2t/Fq
(P (α)q

2t
P (β)) + TrFq2t/Fq

(P (β)q
2t
P (α))

= Tr(P (α)q
2t
P (β)).

By the bound deg(P ) ⩽ qt, we can write P (X) ≡
∑︁t

i=0 biX
qi . Thus, by the linearity of trace and

the identity Tr(γq) = Tr(γ), we see that

Tr(P (α)q
2t
P (β)) = Tr

⎛⎝(︄ t∑︂
i=0

bq
2t

i αq2t+i

)︄⎛⎝ t∑︂
j=0

bjβ
qj

⎞⎠⎞⎠
=

t∑︂
i=0

t∑︂
j=0

Tr
(︂
bq

2t

i bjα
q2t+i

βqj
)︂

=

t∑︂
i=0

t∑︂
j=0

Tr
(︂
bq

4t−i

i bq
2t−i

j αβq2t+j−i
)︂

= Tr

⎛⎝α

⎛⎝ t∑︂
i=0

t∑︂
j=0

bq
4t−i

i bq
2t−i

j βq2t+j−i

⎞⎠⎞⎠ .

By the uniqueness of LQ from Lemma 3.4, we see that

LQ(X) ≡
t∑︂

i=0

t∑︂
j=0

bq
4t−i

i bq
2t−i

j Xq2t+j−i
.

In particular, we see that deg(LQ) ⩽ q3t and LQ is a qt-th power.
It thus remains to show the properness of Q and the complete splitting of LQ, which will

depend on further properties of P , and to count the resulting quadratic forms. To this end, let
Q0(z) := TrFq2t/Fq

(zq
2t+1) and ⟨u, v⟩ := Tr(uq

2t
v) for u, v, z ∈ Fq4t . Since the reduction modulo

Xq4t−X does not change values on Fq4t , we have Q(α) = Q0(P (α)) and Tr(αLQ(β)) = ⟨P (α), P (β)⟩
for every α, β ∈ Fq4t . Moreover, from the polarization identity

Q0(u+ v)−Q0(u)−Q0(v) = ⟨u, v⟩ for any u, v ∈ Fq4t ,

we see that the Fq-bilinear form ⟨·, ·⟩ is symmetric. It is also nondegenerate, because Tr(λX) is a
nonzero polynomial of degree less than q4t for every λ ̸= 0. For an Fq-subspace V ⊆ Fq4t , we write

V ⊥ := {α ∈ Fq4t : ⟨α, v⟩ = 0 for every v ∈ V }.
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We will show that Q has all the remaining properties in the lemma whenever P satisfies the following
two conditions.

(C1) The polynomial P has qt roots in Fq4t . In particular, P fully splits.

(C2) The function Q0 vanishes on the subspace U := (im(P ))⊥.

Indeed, suppose that P satisfies (C1) and (C2), and let us first show the full splitting of LQ.
Let β ∈ Fq4t . Observe that LQ(β) = 0 exactly when Tr(αLQ(β)) = 0 for every α ∈ Fq4t . As
Tr(αLQ(β)) = ⟨P (α), P (β)⟩, this happens exactly when P (β) is orthogonal to every element of
im(P ), that is, when P (β) ∈ (im(P ))⊥ = U . Thus, we see that ker(LQ) = P−1(U).

Next, we count the elements of this kernel. Since ⟨·, ·⟩ is nondegenerate, every Fq-subspace
V ⊆ Fq4t satisfies dim(V ⊥) = 4t− dim(V ) and (V ⊥)⊥ = V . By (C1), we have dim(ker(P )) = t, and
hence dim(im(P )) = 3t and dim(U) = 4t−3t = t. Moreover, U lies in the image of P . Indeed, for all
u, v ∈ U , condition (C2) and the polarization identity of Q0 give ⟨u, v⟩ = Q0(u+v)−Q0(u)−Q0(v) = 0.
Thus U ⊆ U⊥ = im(P ). Since U ⊆ im(P ), the preimage P−1(U) consists of |U | = qt cosets of
ker(P ), and hence |ker(LQ)| = qt · qt = q2t. Since LQ is a qt-th power, this shows the full splitting
of LQ.

We now show that Q is proper, that is, that Q(β) = 0 for every β ∈ ker(LQ). Let β ∈ ker(LQ).
Since ker(LQ) = P−1(U), the element P (β) lies in U . By (C2), the function Q0 vanishes on U , and
hence Q(β) = Q0(P (β)) = 0. Thus Q vanishes on ker(LQ).

It thus remains to construct enough polynomials P satisfying (C1) and (C2). Let U be the set of
t-dimensional Fq-subspaces U ⊆ Fq4t on which Q0 vanishes. The following claim shows that each
subspace in U gives exactly one monic polynomial P satisfying (C1) and (C2).

Claim 1 (From subspaces to polynomials). For every U ∈ U , there is exactly one monic
linearized polynomial PU ∈ Fq4t [X] of degree qt with im(PU ) = U⊥. Moreover, PU satisfies (C1)
and (C2).

Proof of claim. Fix bases e1, . . . , e4t of Fq4t and u1, . . . , ut of U over Fq. The linearized polynomials
P (X) ≡

∑︁t
i=0 biX

qi form an Fq-vector space of dimension 4t(t+ 1), and the condition im(P ) ⊆ U⊥

amounts to the 4t2 equations ⟨P (ek), ul⟩ = 0 for all k ∈ [4t] and l ∈ [t]. Since 4t(t+ 1) > 4t2, some
nonzero P satisfies this condition. Because im(P ) ⊆ U⊥, the kernel of P has at least q4t/

⃓⃓
U⊥⃓⃓ = qt

points, and since deg(P ) ⩽ qt, it follows that deg(P ) = qt and |ker(P )| = qt, and hence im(P ) = U⊥.
For λ ∈ Fq4t defined by the equation λqt = b−1

t , observe that the polynomial PU (X) := P (λX) is
monic with the same image and degree, which establishes the existence of such a polynomial.

For uniqueness, let P ′ be another monic linearized polynomial of degree qt with im(P ′) = U⊥.
Because both P ′ and PU are monic, PU − P ′ is a linearized polynomial of degree less than qt.
Moreover, its image lies in U⊥, which implies that its kernel has size at least q4t/

⃓⃓
U⊥⃓⃓ = qt, which is

impossible for a nonzero polynomial of degree less than qt. Hence P ′ ≡ PU . Finally, PU satisfies (C1)
because |ker(PU )| = q4t/

⃓⃓
U⊥⃓⃓ = qt, and it satisfies (C2) because (im(PU ))

⊥ = (U⊥)⊥ = U . ■

Next, we show that U is large. Let Nt :=
∏︁t−1

i=0(q
t − qi) denote the number of ordered bases of a

t-dimensional Fq-vector space.

Claim 2 (Many subspaces). We have |U| ⩾ (q3t − q2t)t/Nt.

Proof of claim. Since each U ∈ U has exactly Nt ordered bases, it suffices to show that there are
at least (q3t − q2t)t tuples (u1, . . . , ut) of linearly independent vectors such that Q0 vanishes on
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their span, which we will show by iteratively choosing each vector. Let 0 ⩽ i < t, and suppose
that Q0 vanishes on the Fq-span of linearly independent u1, . . . , ui, which we denote by Ui. Let
α ∈ Fq4t . For all c ∈ Fq and u ∈ Ui, the polarization identity of Q0 and its homogeneity show that
Q0(cα+ u) = c2Q0(α) + c⟨α, u⟩. Hence Q0 vanishes on the span of Ui and α when Q0(α) = 0 and
α ∈ U⊥

i . Thus, any choice of α ∈ Q−1
0 (0) ∩ (U⊥

i \ Ui) would suffice.
Next, we lower bound

⃓⃓
Q−1

0 (0) ∩ (U⊥
i \ Ui)

⃓⃓
. First, observe that the norm map z ↦→ zq

2t+1 maps
F×
q4t

onto F×
q2t

and takes each value exactly q2t + 1 times. Moreover, the trace map TrFq2t/Fq
has

q2t−1 − 1 zeros in F×
q2t

. Thus, Q0 has 1 + (q2t + 1)(q2t−1 − 1) = q4t−1 − (q − 1)q2t−1 zeros in Fq4t .
Now, observe that⃓⃓⃓

Q−1
0 (0) ∩ (U⊥

i \ Ui)
⃓⃓⃓
⩾
⃓⃓
Q−1

0 (0)
⃓⃓
−
⃓⃓⃓
Q−1

0 (0) ∩ (Fq4t \ U⊥
i )
⃓⃓⃓
−
⃓⃓
Q−1

0 (0) ∩ Ui

⃓⃓
.

Since Q0 vanishes on Ui, we thus see that
⃓⃓
Q−1

0 (0) ∩ Ui

⃓⃓
= |Ui| = qi. As for

⃓⃓
Q−1

0 (0) ∩ (Fq4t \ U⊥
i )
⃓⃓
,

first observe that Ui ⊆ U⊥
i , because ⟨u, v⟩ = Q0(u+ v)−Q0(u)−Q0(v) = 0 for all u, v ∈ Ui. Hence

the subspace U⊥
i is a union of cosets of Ui, and therefore so is Fq4t \ U⊥

i . Now, fix a coset α+ Ui

with α /∈ U⊥
i . For every u ∈ Ui, we have Q0(u) = 0, and so the polarization identity of Q0 gives

Q0(α+ u) = Q0(α) + ⟨α, u⟩. Since α /∈ U⊥
i , the map u ↦→ ⟨α, u⟩ is a nonzero Fq-linear functional on

Ui, and hence it takes every value in Fq equally often. In particular, Q0(α+ u) = 0 for exactly a 1/q
fraction of the elements u ∈ Ui. Thus

⃓⃓
Q−1

0 (0) ∩ (α+ Ui)
⃓⃓
= qi−1 for every α /∈ U⊥

i . Summing over
these cosets, we thus see that

⃓⃓
Q−1

0 (0) ∩ (Fq4t \ U⊥
i )
⃓⃓
= (q4t − q4t−i)/q. Plugging in the values for

all three terms, we therefore find that⃓⃓⃓
Q−1

0 (0) ∩ (U⊥
i \ Ui)

⃓⃓⃓
⩾ (q4t−1 − (q − 1)q2t−1)− q4t − q4t−i

q
− qi = q4t−i−1 − (q − 1)q2t−1 − qi.

Since i ⩽ t − 1, we have q4t−i−1 ⩾ q3t and qi ⩽ q2t−1, and hence this count is at least q3t − (q −
1)q2t−1 − q2t−1 = q3t − q2t. Multiplying these bounds over each i ∈ {0, 1, . . . , t− 1} gives at least
(q3t − q2t)t such tuples, concluding the proof of this claim. ■

Finally, we lower bound the number of resulting quadratic forms from such polynomials PU

by upper bounding the number of subspaces U that can give the same form Q. Indeed, suppose
that PU gives the quadratic form Q. Then, by the identity Tr(αLQ(β)) = ⟨PU (α), PU (β)⟩ for
every α, β ∈ Fq4t , we see that ker(PU ) is a t-dimensional subspace of ker(LQ). Moreover, since
PU ≡

∏︁
γ∈ker(PU )(X − γ), two different polynomials PU give rise to different kernels. Since PU

determines U = (im(PU ))
⊥, different subspaces U give different polynomials PU , and hence different

kernels ker(PU ). Since each such kernel has exactly Nt ordered bases, all among the |ker(LQ)|t = q2t
2

t-tuples of elements of ker(LQ), we therefore see that at most q2t
2
/Nt different choices of U give Q

as a quadratic form. Thus, by Claim 2, we conclude that there are at least

|U|Nt

q2t2
⩾

(q3t − q2t)t

q2t2
= qt

2
(1− q−t)t ⩾

qt
2

2

different such quadratic forms Q. This concludes the proof of the lemma.

3.1 The low-rate construction

In this subsection, we prove the low-rate part of Theorem 1.1.
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Proof of Theorem 1.1 at rate q−2. Set n := q4t and R := q−2. Our received word will be the vector
y := (αn/q)α∈Fq4t

, i.e., the evaluation of the monomial Xn/q. For the family of at least qt2/2 quadratic
forms Q given by Lemma 3.8, we will show that the corresponding vectors (f(α))α∈Fq4t

, where

f := Xn/q − Q

L
1/q
Q

,

are codewords near y. Indeed, first, by Lemma 3.8, observe that LQ is a fully split polynomial that
is a qt-th power. Thus, we can write L

1/q
Q to denote its unique polynomial q-th root. Moreover,

by Corollary 3.7, we see that L
1/q
Q divides Q. Thus, f is a well-defined function that is moreover a

polynomial in Fq4t [X]. To see that (f(α))α∈Fq4t
is a bona fide codeword, it remains to show that f

has degree less than Rn, which we will now show.

Claim 1 (Degree bound). We have deg(f) < n/q2 = Rn.

Proof of claim. By Lemma 3.5, observe that we have the following identity:

f q ≡

⎛⎝Xn/q − Q

L
1/q
Q

⎞⎠q

≡ X − Q

LQ
.

By Lemma 3.8 and Corollary 3.7, the quotient Q/LQ has degree less than n/q. Hence, the right-hand
side of the above identity has degree less than n/q. Comparing degrees gives q deg(f) < n/q, which
establishes this claim. ■

Next, we show that (f(α))α∈Fq4t
agrees with y in at least (

√
R− o(1))n coordinates.

Claim 2 (Agreements near Johnson). The codeword (f(α))α∈Fq4t
agrees with y in at least

n/q − q3t = (
√
R− n−1/4)n positions.

Proof of claim. Since y is the evaluation of the monomial Xn/q, the codeword (f(α))α∈Fq4t
agrees

with y at exactly the roots in Fq4t of the error polynomial Xn/q − f ≡ Q/L
1/q
Q . By Corollary 3.7,

the set of roots of Q/L
1/q
Q is the same as that of Q and has size deg(Q)− deg(LQ), which is at least

n/q − q3t by the degree bound deg(LQ) ⩽ q3t. ■

Finally, observe that two quadratic forms Q and Q′ in the family from Lemma 3.8 yield the
same codeword only when Q′ ≡ cQ for some c ∈ F×

q . Indeed, since deg(f) < n, the codeword
determines f , and hence both Q/L

1/q
Q ≡ Xn/q − f and Q/LQ ≡ X − f q, by the identity in the proof

of Claim 1. Their ratio is (L
1/q
Q )q−1, so L

1/q
Q is determined up to multiplication by an element of F×

q ,
and consequently so is Q. Thus, we conclude that the full-length Reed–Solomon code over Fq4t of
rate R has at least qt

2
/(2(q − 1)) = nΩq(logn) codewords at relative distance 1 −

√
R + Oq(n

−1/4)
from y, as Theorem 1.1 asserts.

3.2 The high-rate construction

In this subsection, we prove the high-rate part of Theorem 1.1.

14



Proof of Theorem 1.1 at rate (1− q−1)2. Set n := q4t and R := (1− q−1)2. Our received word will
be the vector y := (α(q−1)n/q)α∈Fq4t

, i.e., the evaluation of the monomial X(q−1)n/q. For the family

of at least qt2/2 quadratic forms Q given by Lemma 3.8, we will show that the corresponding vectors
(f(α))α∈Fq4t

, where

f := X(q−1)n/q −
∑︁q−1

j=1 Q
j

(L
1/q
Q )q−1

,

are codewords near y. Indeed, as in Section 3.1, L1/q
Q is a polynomial, and the denominator (L1/q

Q )q−1

divides LQ, which divides Q by Corollary 3.7. Thus, f is a polynomial in Fq4t [X]. To see that
(f(α))α∈Fq4t

is a bona fide codeword, it remains to show that f has degree less than Rn, which we
will now show.

Claim 1 (Degree bound). We have deg(f) < (q − 1)2n/q2 = Rn.

Proof of claim. Let E := X(q−1)n/q−f be the quotient in the definition of f . Adding and subtracting
(Q/L

1/q
Q )q−1, write f as

f ≡

⎛⎝X(q−1)n/q −

⎛⎝ Q

L
1/q
Q

⎞⎠q−1⎞⎠−

⎛⎝E −

⎛⎝ Q

L
1/q
Q

⎞⎠q−1⎞⎠ .

We will show that both differences on the right-hand side have degree less than Rn.
For the first difference, by Claim 1 in Section 3.1, we can write Q/L

1/q
Q ≡ Xn/q − g with

deg(g) < n/q2. Expanding (Xn/q − g)q−1, every term other than X(q−1)n/q has degree at most
(q − 2)n/q + deg(g) < (q − 2)n/q + n/q2 = Rn, and hence the first difference has degree less than
Rn.

For the second difference, since
∑︁q−1

j=1 Q
j ≡ (Qq −Q)/(Q− 1), by Lemma 3.5, observe that we

have the following identity:

E ≡ Xq4t −X

Q− 1
L
1/q
Q . (3)

By Corollary 3.7, Q− 1 has deg(Q) distinct simple roots in Fq4t , implying that (Xq4t −X)/(Q− 1)

is a polynomial. Multiplying the identity by Q/L
1/q
Q and subtracting (Q/L

1/q
Q )q ≡ Xq4t −X +Q/LQ,

which also follows from Lemma 3.5, gives

Q

L
1/q
Q

⎛⎝E −

⎛⎝ Q

L
1/q
Q

⎞⎠q−1⎞⎠ ≡ (Xq4t −X)Q

Q− 1
− Qq

LQ
≡ Xq4t −X

Q− 1
− Q

LQ
.

By Lemma 3.8 and Corollary 3.7, we have deg((Xq4t −X)/(Q− 1)) = n− deg(Q) < (q− 1)n/q and
deg(Q/LQ) < n/q. Hence, the right-hand side of the above identity has degree less than (q − 1)n/q.
Since Q/L

1/q
Q ≡ Xn/q − g has degree n/q, comparing degrees gives that the second difference has

degree less than (q − 2)n/q < Rn. Both differences thus have degree less than Rn, and therefore
deg(f) < Rn. ■

Next, we show that (f(α))α∈Fq4t
agrees with y in at least (

√
R− o(1))n coordinates.

Claim 2 (Agreements near Johnson). The codeword (f(α))α∈Fq4t
agrees with y in at least

(q − 1)n/q − q3t−1 ⩾ (
√
R− n−1/4)n positions.
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Proof of claim. Since y is the evaluation of the monomial X(q−1)n/q, the codeword (f(α))α∈Fq4t

agrees with y at exactly the roots in Fq4t of the error polynomial X(q−1)n/q − f ≡ E. By Eq. (3) in
the proof of the degree bound, the polynomial (Xq4t −X)/(Q− 1) divides the error polynomial E.
This quotient has roots exactly outside Q−1(1), and the remaining factor L

1/q
Q has all its roots in

Q−1(0) because Q is proper. Thus, the codeword agrees with y exactly outside the level set Q−1(1).
By Corollary 3.7, this level set has size deg(Q) = (n+ deg(LQ))/q, which is at most n/q + q3t−1 by
the degree bound deg(LQ) ⩽ q3t. ■

Finally, observe that two quadratic forms Q and Q′ in the family from Lemma 3.8 yield the same
codeword only when Q′ ≡ Q. Indeed, the codeword (f(α))α∈Fq4t

disagrees with y exactly on the
level set Q−1(1), which by Corollary 3.7 consists of the deg(Q) roots of Q− 1. These roots determine
Q− 1 up to a nonzero constant factor, and the constant term Q(0)− 1 = −1 fixes that factor. Thus,
we conclude that the full-length Reed–Solomon code over Fq4t of rate R has at least qt2/2 = nΩq(logn)

codewords at relative distance at most 1−
√
R+Oq(n

−1/4) from y, as Theorem 1.1 asserts.

4 Growing lists below capacity over prime fields

4.1 Linear-sized lists from multiplicative subgroups

Throughout this section, we fix a prime p and set the block length to be n = p, with our main focus
being the full Reed–Solomon code over Fp. For integers d, t with 1 ⩽ d < t such that t | p− 1, let
k = t− ⌈t/d⌉+ 1, γ ∈ F×

p be a generator of F×
p , and let H := {γ(p−1)/t, γ2(p−1)/t, . . . , γp−1}. Let

Pf (X) :=
∏︂
u∈H

(X − f(u)).

Lemma 4.1 (Coefficient cancellation on a multiplicative subgroup). Let f ∈ Fp[X] have degree
d, where 1 ⩽ d < t and f(0) = 0. The coefficient of Xt−j in Pf vanishes for every integer j with
1 ⩽ j < t/d. Equivalently, deg(Xt − Pf ) ⩽ t− ⌈t/d⌉.

Proof. Let ω = γ(p−1)/t and write f(X) ≡
∑︁d

r=1 arX
r. As a polynomial in the coefficients ar, the

coefficient of Xt−j in Pf is homogeneous of degree j and invariant under ar ↦→ ωrar, since this
replaces f(u) by f(ωu). Give ar weight r. Every monomial that occurs must have weight divisible
by t, but its weight lies between j and dj. There is no such monomial when 1 ⩽ j < t/d, proving
the lemma.

Lemma 4.2. Let p ≡ 2 (mod 3) be a prime, and let H ⊆ F×
p be a multiplicative subgroup of size

t ≡ 2 (mod 3). Let fa(x) = (x+ a)3 − a3 for any a ∈ Fp. For any a ̸= b ∈ Fp, fa(H) ̸= fb(H).

Proof. Firstly, we note that since p ≡ 2 (mod 3), the functions fa are all injective. Now, We do a
simple moment calculation to get the following:∑︂

h∈H
fa(h)

(t+1)/3 =
∑︂
h∈H

ht+1 +
∑︂
h∈H

(t+ 1)/3 · 3a · ht +
∑︂
h∈H

pa(h)

= a(t+ 1) · |H|+
∑︂
h∈H

(h+ pa(h))

= a(t+ 1) · |H|

16



where pa(h) is a polynomial in h with no constant term and degree less than t. Note that t+ 1 < p
since H is not the full multiplicative group as p− 1 ≡ 2 ̸≡ t (mod 3). Thus, we get that fa(H) and
fb(H) are distinct.

Lemma 4.3. Let f ∈ Fp[X]⩽d be any polynomial such that |f(H)| = |H|, f(0) = 0, and let
g := Xt − Pf (X). Then deg(g) < k and

dH((αt)α∈F, (g(α))α∈F) = n− t.

Proof. Observe that the degree bound follows from Lemma 4.1 and for any α ∈ Fp, αt−g(α) = Pf (α).
Since f(H) has size at least |H|, Pf has at least |H| roots, and these are exactly the evaluation
points for which αt = g(α).

We now have the necessary ingredients to establish Theorem 1.2.

Theorem 1.2 (Linear-sized lists below capacity over prime fields). Let m ⩾ 2 be an integer such that
m ≡ 2 (mod 3). Then, there exist infinitely many primes p such that the full-length Reed–Solomon
code over Fp of length n = p and dimension 2(p+m−1)

3m has an explicit received word y ∈ Fn
p at

Hamming distance exactly p− p−1
m from at least n codewords.

Proof. Let p ≡ 2 (mod 3), p ≡ 1 (mod m) with p ⩾ 3m + 2, let t = p−1
m , d = 3. Observe that

H = {γm, γ2m, . . . , γp−1}. Thus,

k = t− t+ 1

3
+ 1 =

2(t+ 1)

3
=

2(p+m− 1)

3m
.

Note that t ≡ 2 (mod 3) since p− 1 ≡ 1 and m ≡ 2 (mod 3).
For any a ∈ Fp, consider fa(X) = (X + a)3 − a3 and observe that all of them are injective on

all of Fp and not just H since p ≡ 2 (mod 3). It is now sufficient to prove that for any a ≠ b,
fa(H) ̸= fb(H) since then for the received word y = {αt}α∈Fp , and for all a ∈ Fp, we have that
∆(y, {αt − Pfa(α)}α∈Fp) = n− t. This follows from Lemma 4.2 and Lemma 4.3.

There are infinitely many primes which are 2 (mod 3) and 1 (mod m) since 3 and m are co-prime
due to Dirichlet’s theorem.

4.2 Polynomially growing lists via amplification

Let RS((α1, . . . , αn), k) be a Reed–Solomon code such that there is a polynomial y : Fq → Fq of
degree D ⩾ k − 1, and message polynomials g1, . . . , gL such that

dH((y(α1), . . . , y(αn)), (gi(α1), . . . , gi(αn))) ⩽ n− a

then for any S ⊆ [L] of size ℓ, let
GS = yℓ −

∏︂
s∈S

(y − gs)

and let Y = yℓ.
Observe that degGS ⩽ (ℓ − 1)D + k − 1, and they all agree with the received word Y in

|{i : ∃s ∈ S | gs(αi) = y(αi)}| which we can hope is as big as ℓa.
In particular, if the sets Zs = {i | gs(αi) = y(αi)} were disjoint, we get that RS((α1, . . . , αn), D(ℓ−

1) + k) has a received word, and ⩾
(︁
L
ℓ

)︁
codewords at distance ⩽ n− aℓ.

For a different construction, we may require a more fine-grained analysis to show that these
(︁
L
ℓ

)︁
codewords are distinct and many of the sets are big.
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Theorem 1.4 (Arbitrary polynomial-lists). For any integer ℓ ⩾ 2, there are infinitely many primes
p such that the full-length Reed–Solomon code over Fp of length n = p and rate R = Ω(1/ℓ) is not
(1−R− Ω(1/ℓ2),

(︁
n
ℓ

)︁
/2)-list-decodable.

Proof. We use the above amplification idea on the construction in Theorem 1.2.
For simplicity let ε = 1/ℓ. Let m = 12ℓ2 + 2, and p be any sufficiently large prime such that

p ≡ 1 (mod m) and p ≡ 2 (mod 3). Now, t = (p− 1)/m and k ⩽
⌈︂
2(p+1)
3m

⌉︂
.

Then, we know by Theorem 1.2 that if we let H = {γm, γ2m, . . . , γp−1}, let fa(x) = (x+a)3−a3,
then dH((αt)α∈Fp , (α

t − Pfa(α))α∈Fp) = n− t and all fa(H) are distinct.
For S ⊆ Fp of size ℓ, let PS =

∏︁
s∈S Pfs , and let Y = {αℓt}α∈Fp . Let GS = Xℓt − PS(X). Let

K = t(ℓ − 1) + k = O(p/ℓ). Thus, the full Reed–Solomon code of rate R = K
p = Θ(1/ℓ) = Θ(ε)

contains the messages given by {GS(α)}α∈F.
We also have that

dh((α
ℓt)α∈Fp , (α

ℓt − PS(α))α∈Fp) = n−

⃓⃓⃓⃓
⃓⋃︂
s∈S

fs(H)

⃓⃓⃓⃓
⃓ .

Thus, it suffices to prove that for many S ⊆ Fp of size ℓ, the resulting polynomials GS are distinct
and

⃓⃓⋃︁
s∈S fs(H)

⃓⃓
> K +Ω(k). We prove the second part first. Observe that

ES⊆Fp,|S|=ℓ

∑︂
(s1,s2)∈(S2)

|fs1(H) ∩ fs2(H)| ⩽
(︃
ℓ

2

)︃
Es1∈Fp,s2∈Fp\{s1}|{(u, v) ∈ H ×H | fs1(u) = fs2(v)}|

⩽

(︃
ℓ

2

)︃∑︁
s1∈Fp,u,v∈H Es2∈Fp\{s1}1(fs1(u) = fs2(v))

p

⩽

(︃
ℓ

2

)︃
· |H|2 · 2

p− 1
⩽

ℓ2t2

p
⩽

ℓt

12ℓ

⩽
t

12

The key observation is that for any fixed s1, u, v, there are at most 2 choices of s2 such that
(u+ s1)

3 − s31 = (v + s2)
3 − s32 since this is a quadratic equation in s2.

Thus, |{S |
∑︁

(s1,s2)∈(S2)
|fs1(H) ∩ fs2(H)| ⩽ t/6}| ⩾

(︁
p
ℓ

)︁
· 1
2 . In particular, this means that for at

least (nℓ)
2 different choices of S, we have that

⃓⃓⋃︁
s∈S fs(H)

⃓⃓
⩾ tℓ−

∑︁
(s1,s2)∈(S2)

|fs1(H) ∩ fs2(H)| ⩾
tℓ− t

6 = K +Ω(k).
Now, it suffices to prove that all these polynomials PS are distinct. Thus, we prove the following

stronger lemma which is sufficient.

Lemma 4.4. Fix ℓ ⩾ 1,m ⩾ 2 with m ≡ 2 (mod 3). For every sufficiently large prime p with p ≡ 1
(mod m) and p ≡ 2 (mod 3), for any S1 ̸= S2 ⊆ Fp, with |S1| = |S2| = ℓ,∏︂

s∈S1

Pfs(X) ̸=
∏︂
s∈S2

Pfs(X)

Proof. As a variant on the computation for the linear lists where we showed that
∑︁

h∈H fa(h)
(t+1)/3

uniquely recovers a, we repeat the same argument with higher moments.
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Let
mS,r =

∑︂
s∈S

∑︂
h∈H

fs(h)
(t+1)/3+r

Observe that if PS1 = PS2 then mS1,r = mS2,r for all r ∈ N. Additionally, from Theorem 1.2, we
have that mS,0 = (t+ 1)|H|

∑︁
s∈S s.

We now only use r ∈ {0, 1, . . . , 2ℓ}. Similarly,∑︂
h∈H

fa(h)
(t+1)/3+r =

∑︂
j ̸=t

Cr,j(a)
∑︂
h∈H

hj +
∑︂
h∈H

Cr,t(a)h
t

= Cr,t(a)|H|

Here we use that every exponent satisfies j ⩽ t+1+3r < 2t, since we will assume that p is sufficiently
large such that t > 6ℓ+ 1.

Now, it suffices to prove that for any fixed ℓ,m, r, for large enough choices of Fp, Cr,t(a) is exactly
a degree 3r + 1 function of a. Specifically, fa(X)(t+1)/3+r = (X3 + 3aX2 + 3a2X)(t+1)/3+r. Observe
that this is a homogeneous bivariate polynomial in variables a,X of degree 3(r+(t+1)/3) = t+3r+1.
Thus, the Xt variable will have a corresponding a3r+1 term. Our goal is now to simply compute
what this term is. Observe that Cr,t(a) = Cr,t(1)a

3r+1 due to the homogeneity. Thus, we only focus
on proving Cr,t(1) ̸= 0 (mod p) for sufficiently large primes p.

Let dr = (t+1)/3+ r and er = 3r+1. Now, observe that if we use b terms of the form 3a2X, to
get the term of degree er in a, we must use er − 2b terms of the form 3aX2 and the remaining of the
form X3. Thus,

Cr,t(1) =

⎛⎝⌊er/2⌋∑︂
b=0

3er−b

(︃
dr

b, er − 2b, d+ b− er

)︃⎞⎠
=

⎛⎝⌊er/2⌋∑︂
b=0

1

b!(er − 2b)!

er−b−1∏︂
i=0

(3dr − 3i)

⎞⎠
=

⎛⎝⌊er/2⌋∑︂
b=0

1

b!(er − 2b)!

er−b−1∏︂
i=0

(t+ er − 3i)

⎞⎠ ,

Observe that we are only interested in Cr,t (mod p) and t ≡ −1/m (mod p). Hence,

mer · er! · Cr,t(1) =

⎛⎝⌊er/2⌋∑︂
b=0

er!

b!(er − 2b)!

er−b−1∏︂
i=0

(︃
−1

m
+ er − 3i

)︃
·mer

⎞⎠ (mod p)

Thus,

Mr =

⌊er/2⌋∑︂
b=0

er!

b!(er − 2b)!

er−b−1∏︂
i=0

(︃
−1

m
+ er − 3i

)︃
·mer ≡ (−1)er (mod m).

Hence, picking any prime p > |Mr|, (6ℓ + 1)m + 1 for all r ∈ {0, 1, . . . , 2ℓ}, we get that Mr

(mod p) ̸= 0 and hence Cr,t(1) ̸= 0 (mod p). Consequently, given
∏︁

s∈S Pfs(X), we can recover∑︁
s∈S s3r+1 for r ∈ {0, 1, . . . , 2ℓ}.
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We need to simply show that given these moments, we can recover the set S. Let S1, S2 be
any two such sets for which all above moments are equal, and T be their symmetric difference, i.e.,
T = (S1 ∪ S2) \ (S1 ∩ S2). Now, for x ∈ T , let cx = (−1)bx if x ∈ Sb. Since all the above moments
are the same, we have that ∑︂

x∈T
cx(x

3)r = 0

for all r ∈ {0, 1, . . . , 2ℓ}. Thus, either all cx = 0 ∀x ∈ T =⇒ T ⊆ {0}, or the resulting Vandermonde
matrix of {(x3)r}r∈{0,...,|T |−1},t∈T is singular. But, since p ≡ 2 (mod 3), the cubing x ↦→ x3 map is
injective and the resulting Vandermonde matrix is invertible. Thus, T ⊆ {0} but the size of T is
2ℓ− 2|S1 ∩ S2| which is even. Hence, for any distinct S1, S2, there are some unequal moments as
desired and we get the desired result.

Now, we can simply take the messages GS for the ⩾
(︁
n
ℓ

)︁
/2 sets S for which

∑︁
s1,s2∈(S2)

|fs1(H) ∩
fs2(H)| ⩽ t/6 and the result follows.
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AI methodology

Initial versions of our key statements were established by GPT-6 Astra Pro over various conversations.
Our main contributions are in abstracting and simplifying the proof ideas, and in the exposition. In
particular, the proofs presented in the paper are substantially simpler and clearer in our opinion.

Immediately following the breakthrough result of [BCP+26], we wondered if their results can be
improved, specifically whether beyond Johnson-radius list-decoding is possible for all Reed–Solomon
codes, and whether list sizes can be improved to a fixed constant for large prime fields.

In conversations with GPT-6 Astra Pro, we started exploring both ideas. Soon after, the AI gave
us an early construction of nΩ(logn) list-size just beyond Johnson for small characteristic fields using
a result of [Sch20]. We closely understood this construction and then worked extensively to simplify
it over the next few weeks. In this paper, we present a completely elementary proof of the lower
bound.

For the prime field case, GPT-6 similarly arrived at a non-elementary construction of low-degree
functions after finding Lemma 4.1 to prove the requisite lower bounds. After understanding the
approach, we first simplified the constructions by choosing the “moving” functions f instead as
random low-degree polynomials. Then, with the help of AI, we further refined it to the simple choice
of (x+ a)3 − a3 presented in the paper (at the expense that the result as written now only works for
infinitely many as opposed to all primes).

The amplification argument of Section 4.2 was then discovered in discussions with GPT-6 where
we looked for generic ways to bootstrap the lower bounds.

We take full responsibility for the correctness and quality of exposition of the results presented
in this paper.
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