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Abstract

Feedforward neural networks with sigmoid activations are of fundamental importance in
neural computation. However, our understanding of the circuit complexity of such networks for
implementing Boolean functions remains limited. The analog output of the sigmoid, along with
its transcendental nature, leads to unique mathematical challenges for proving lower bounds.

Introducing new techniques, we establish new upper and lower bounds on the complexity of
sigmoidal networks computing Boolean functions:

e We prove nearly tight bounds for the wire complexity of computing PARITY with such
networks of constant depth and polynomial-bounded weights.

e We extend the size lower bound of Kane and Williams [STOC’16] against depth-3
threshold circuits, to depth-3 sigmoidal networks with polynomial weights, proving a
Q(n*®/(logn)°M) size lower bound for computing an explicit function in P.

e We prove that every symmetric function on n bits can be computed by a depth-3 sigmoidal
network with O(n) wires and polynomial weights. This stands in stark contrast with
threshold circuits of d = O(1) depth, where n!*®d-wire lower bounds are known for g > 0.

We also answer a few fundamental problems related to sigmoidal networks, including proving
new simulations and separations between threshold circuits and sigmoidal networks.

We establish these results using a variety of techniques, including random restrictions for sig-
moid gates, analyzing the average sensitivity of networks with sigmoids, simulation arguments,
and using tools from approximation theory, complex analysis, and algebraic geometry.
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1 Introduction

For decades, researchers have studied the expressive power of neural networks [MP88, MP43] with
respect to natural parameters, such as depth, size (number of neurons or number of connections),
and the activation functions used. Our focus here is on neural networks computing Boolean func-
tions (i.e., binary classification problems on discrete inputs).

The basic building block of a neural network is a gate (or computation unit, or neuron). A
fan-in m gate has m incoming wires, where the i-th wire has a real weight w; € R. Fix a real
function ¢ : R — R, commonly referred to as the activation function or simply activation. The
output of the gate is ¢(>_;~, wix; + ) where § € R is called bias. From now on, the number of
input variables in the network is denoted as n.

There are many possible functional forms the activation function can have, such as polynomial,
piecewise linear and sigmoidal. Two of the most studied activations are the threshold (or Heaviside)
activation 7(x) and the sigmoid activation

1

7(z) = Iz > 0], Sigmoid(z) := Tre=

Given an activation function o, a o-circuit is defined as a circuit with gates computing functions of
form Z — o((wW, ¥) +60). In particular, the ordinary linear threshold circuit (see [Juk12, Section 11])
is a o-circuit with o(x) being a threshold function. For a o-circuit C' : {0,1}" — R and a Boolean
function f:{0,1}" — {0,1}, we say C computes f with ¢ separation, if there exists 7 € [0, 1] such
that

flz)=0 = C(z) <7 and flz)=1 = C(z) >7+e=. (1)

In particular, C' computes f with no separation if € = 0, and it is said to compute f with noticeable
separation if ¢ = Q(n~") for some k > 1. Our focus in this work is proving upper and lower
bounds for various complexity measures (number of gates, wires and magnitude of weights) for
neural networks with sigmoid activations.

Beyond their foundational role in machine learning, sigmoidal networks serve as the canonical
testbed for a central question in neural computation:

When do continuous, smooth analog neurons confer a provable advantage over discrete
neurons? [MSS94, DS96, Koi96, KS97]

Unlike threshold gates (which are discrete) or ReLU and polynomial activations (which are
piecewise-linear or algebraic), the sigmoid combines local curvature with the exponential function
e~ *. On the one hand, this makes sigmoidal gates a core primitive across modern machine learning
architectures and verification problems—underpinning Boltzmann machines [HS*86, MCPZ13],
gating mechanisms, softmax and attention layers [AA22, MSS22, DYZ'26], graph neural net-
works [Gro24, DBS25], and formal DNN verification [IZBK23]. On the other hand, from a circuit
complexity perspective, passing continuous real values across wires and introducing exponential
non-linearities fundamentally alters the landscape of bounded-depth computation, rendering classi-
cal tools for threshold circuits (TCO) challenging to apply and raising basic questions about whether
smooth analog networks can bypass long-standing Boolean circuit barriers [SRK94, MSS94, Koi96].

Circuit Lower Bounds for Neural Networks. While we have built up a decent (yet still very
incomplete) understanding of circuits with threshold gates (see, e.g., [HG91, GHR92, HMP 93,



ROS94, Has94, PS94, IPS97, HP10, KW16, KKL17, CSS18, HHTT23, FLY22]), sigmoidal networks
have been a far more challenging representation to understand [Koi96, SRK94]. This is perhaps not
surprising, as sigmoidal networks are at least as powerful as threshold circuits (see Lemma 3.13).
Indeed, it is also known that for certain Boolean functions, sigmoidal networks can compute these
functions with asymptotically few gates compared to threshold circuits implementing the same
functions [MSS94, DS96, Koi96].

Additionally, lower bound techniques for threshold circuits simply do not apply in the sigmoidal
setting. At a high level, the Boolean output of threshold gates makes them amenable to a variety
of methods from computational complexity such as communication complexity [Nis93, ROS94],
the discriminator lemma [HMP'93], and random restrictions [[PS97, CSS18, HHTT23, FLY22,
KKL17]. There seems to be no portable analog of these in the sigmoidal case.

Example 1. An important component in establishing lower bounds for threshold circuits is upper
bounding the magnitude of weights of threshold circuits: it is known that if a Boolean function is
computed by a threshold circuit C' then without loss of generality the size of every weight in C is at
most 20("1°8™) (and weights of order 2%("1°8") are sometimes necessary); see, e.g., [Has94]. Devising
weight upper bounds for sigmoidal networks in terms of the input dimension is not known, limiting
the applicability of techniques to prove lower bounds that rely on the boundedness of the weights, e.g.,
Williams’ algorithmic approach [Tam16, ACW16, CTW26].

In the zero separation case, the transcendental nature of the sigmoid function is an additional
complicating factor. While simulation results of neural networks with piecewise linear (such as
ReLUs) or piecewise polynomial activation of constant depth using threshold circuits with a poly-
nomial blowup are known [Maa97a, MSS94], such results are unknown for sigmoidal networks in
the zero separation case.

Motivating Questions. These challenges translate into noticeable gaps in terms of known lower
bounds for sigmoidal networks versus threshold circuits. While the study of the latter has seen
progress in recent years, the former has not seen progress since the 90’s.

e While superlinear gate lower bounds have been established for threshold circuits of depth 2
(with arbitrary weights) [Tam16, ACW16, CTW26] and depth 3 (with polynomial weights)
[KW16], comparable lower bounds are not known even for sigmoidal networks with polynomial
weights computing Boolean functions with a noticeable separation.

e Several works have successfully applied the random restriction method to prove lower bounds
on the wire complexity of well studied functions such as parity for threshold circuits both in
the worst and average case [PS94, IPS97, CSS18] as well as the more general case of circuits
with polynomial threshold functions [KKL17]. However, we are not aware of any lower bounds
on the wire complexity of sigmoidal networks for computing parity or other Boolean function.

e Finally, a linear lower bound is known on the gate complexity of threshold circuits (with arbi-
trary depth and weights) computing the IP Mod 2 function using communication complexity
[ROS94]. For sigmoidal networks computing with zero separation the best size lower bound
is Q(n'/*) for the Boolean selection function relying on upper bounds of the VC dimension
of such networks [KM97] (which relies on results from algebraic geometry [Kho91]) [Koi96].

We establish new lower and upper bounds for sigmoidal networks computing Boolean functions
related to some (though not all) of the open questions above.



1.1 Our Results

We are interested in proving upper and lower bounds for the number of gates (i.e. neurons), number
of wires (i.e. non-zero parameters), and magnitude of weights in the following parameter regimes:

Robust sigmoidal circuits: Sigmoidal circuits with polynomially bounded weights and biases
that compute Boolean functions with noticeable separation (see [MSS94, PS94, SRK94,
DS96]).

Unrestricted-weight sigmoidal circuits: Sigmoidal circuits with arbitrary weights computing
Boolean functions with no separation' (see [Koi96]), which is a generalization of THR circuits.

Small-weight sigmoidal circuits: Sigmoidal circuits with polynomially bounded weights that
compute Boolean functions with no separation, which is a generalization of MAJ circuits.

Robust sigmoidal circuits are indeed equivalent to MAJ circuits of the same depth up to a
polynomial overhead (see Lemmas 3.10 and 3.13). Therefore, existing lower bounds against depth-2
MAJ circuits [HMP 93, For02, FKL"01] applies directly. The more interesting question is whether
we can prove lower bounds for depth three and beyond given, e.g., the Q(n1'5) lower bound? against
depth-3 MAJ circuits from [KW16] and the super-linear wire lower bound [IPS97, CSS18] against
TCY These lower bounds do not translate directly due to the polynomial overhead.

The unrestricted-weight model might be surprisingly strong: it is not immediately clear whether
we can simulate them by even P/poly. On the other hand, however, it is also unclear whether it is
much stronger than threshold circuits.

Wire Complexity of Parity. A classical question in circuit complexity and also machine learn-
ing is the complexity of computing the parity function @, (x1,...,2,) = 21 ® -+ - ® x, by neural
networks. We fully resolved (up to poly-log factors) the wire complexity of polynomial weight
sigmoidal circuits computing the parity function with noticeable separation.

Theorem 1.1 (see Theorem 4.1, Proposition 4.3, and Corollary 4.6). Every symmetric Boolean
function (including parity) is computable by a depth-3 robust sigmoidal circuit with O(n) wires.

Any symmetric function (including parity) is computable by a depth-2 robust sigmoidal circuit
with O(n?) wires, and least Q(n?/log®n) wires are required for parity in the same model.

The linear wire upper bound for d > 3 stands in sharp contrast with the known super-linear
wire complexity lower bound for parity against threshold circuits for any d > 1 (see, e.g., [[PS97,
KKL17, CSS18]). It shows that there is a provable advantage for real-valued activation functions
(compared to Boolean-valued activation) in wire complexity measure.

Lower Bounds for Constant-Depth Polynomial Weight Sigmoidal Circuits. Given the
separation between sigmoidal and threshold circuits in wire complexity, it is natural to consider
whether known threshold circuit lower bounds can be adapted to sigmoidal circuits.

Average-case Lower Bound for Parity. The number of gates and wires required to compute the
parity function is a classical question in circuit complexity. For worst-case computation, almost

"While computing without separation allows arbitrarily small margins that may be infeasible under finite-precision
hardware, we view this as a natural theoretical regime worthy of study. Indeed, the same convention is standard in
unrestricted threshold circuits, where gate margins can be exponentially small in the input dimension.

2The notation Q(-) means that we ignore poly log factors



optimal wire lower bounds are known for both threshold circuits [IPS97] (following [PS94]), and
almost optimal gate lower bounds are known for polynomial-weight sigmoidal circuits [SRK94].
Chen, Santhanam, and Srinivasan [CSS18] extends [IPS97] to show a near-optimal average-case
lower bound on the number of wires of threshold circuits computing parity.

We prove an average-case lower bound against polynomial weight sigmoidal circuits.?

Theorem 1.2 (see Theorem 5.19). For every d > 2, and any function f : {0,1}" — {0,1} that
is computable by a depth-d robust sigmoidal circuit using O(nl/(Q(d_l))_Q(l)) gates, the correlation
between f and @, is at most O(n~ 1),

The lower bound matches that in [CSS18] and is thus also near optimal. Indeed, it is a corollary
of an upper bound on the average sensitivity of functions computable by sigmoidal circuits, which
is of independent interests. It is worth noting that the results of [CSS18] are obtained to analyze
the noise sensitivity of threshold circuits; we suspect both techniques (with appropriate adaption)
would work for both settings.

Theorem 1.3 (see Theorem 5.20). For any d > 1, and any function f : {0,1}" — {0,1} that is

computable by a depth-d robust sigmoidal circuit using s gates, the average sensitivity of f is at
most 0(31—1/d . nl—l/(2d)+o(1))'

To derive this lower bound, we need to analyze an extension of sigmoidal circuits, where the
bias of each gate is replaced by a low-degree polynomial. This is possible due to a strong random
restriction lemma for polynomial threshold circuits [KKL17]; see Section 2 and the technical sections.

Ezxplicit Lower Bounds for Depth-3 Circuits. Recall that Kane and Williams [KW16] proved that
there is a polynomial-time computable function that requires at least Q(n'®/(logn)°()) gates and
Q(n?°/(logn)®M) wires to compute by THR o THR. In this work, we show that this lower bound
can be adapted to sigmoidal circuits with polynomial weights and noticeable separation.

Theorem 1.4 (see Theorems 5.10 and 5.18). There is a polynomial-time computable function
f:{0,1}™ = {0,1} that requires Q(n*5/(logn)°M) gates and Q(n*5/(logn)°MW) wires to compute
by depth-three robust sigmoidal circuits.

We note that the lower bound is nontrivial in that it cannot be obtained by simply simulating
sigmoidal circuits with threshold circuits: the simulation involves a gate overhead corresponding
to weights (see Lemma 3.10). The wire lower bound is particularly interesting because of the
surprising upper bound in Theorem 1.1.

We prove the lower bound by generalizing the technique in [KW16]. Instead of directly using
their results, we have to re-engineer the entire proof [KW16] in white box as most parts of the
proof are not applicable to sigmoidal circuits. The main issue is that the key random restriction
lemma does not work for sigmoidal circuits: unlike threshold gates, sigmoidal gates have continuous
output and cannot be well approximated by constants after random restrictions. To circumvent
this problem, we prove a random restriction lemma for sigmoidal gates that further uses Taylor
approzimation, and shows that it suffices for the framework in [KW16].

3 Average case lower bounds for computing Boolean functions by neural networks are desirable as they can be used
to achieve lower bounds for approximating functions in the #?>-norm that is common in machine learning applica-
tions (see, e.g., [VS20]).



Sigmoidal Circuits with Unbounded Parameters. The results above work only for robust
sigmoidal circuits. A natural question then is to study the nature of unrestricted-weight sigmoidal
circuits. This is indeed a surprisingly tough model to analyze: very few upper and lower bounds
are known. In this work, we answer a few fundamental questions related to this model.

A Weight Upper Bounds for Sigmoidal Circuits. For threshold circuits, it is known that THR gates
with unbounded parameters can be simulated by THR gates with integer weights at most 20(21ogn)
(see [Has94] and references therein). As THR is Boolean valued, it further implies that any threshold
circuit can be simulated by one with the same topology but weights bounded by 20(*1°87) ~ This
serves an fundamental tool to analyze threshold circuits (see, e.g., [GHR92, HP10]).

However, this result does not easily generalize to sigmoidal circuits as it is real-valued and
we thus cannot deal with each gates individually. We prove a weight upper bound for depth-two
sigmoidal circuits using tools from computational algebraic geometry [BPR96, BPROG6].

Theorem 1.5 (see Theorem 6.1). Suppose that f : {0,1}" — {0,1} is computable by a depth-two
unrestricted-weight sigmoidal circuit with s gates. It is computable by a circuit that has the same
architecture with weights and biases having absolute values at most 20(sn10g(sn))

Ezxplicit Lower Bounds for Depth-2 Sigmoidal Circuits. Proving explicit lower bound against un-
bounded weight sigmoidal circuits appears to be a surprisingly hard problem. Prior to this work,
the best known lower bound against constant-depth sigmoidal circuits with unbounded weights is
only Q(n'/*) [Koi96]. Following Koiran’s approach, we observe that there is a near-linear lower
bound” for depth-two sigmoidal circuits.

Theorem 1.6 (see Theorem 6.5). The selection function f(x,y) := y, requires Q(n/logn) gates
to compute by any depth-two unrestricted-weight sigmoidal circuits.

Advantage of Sigmoids. Sigmoidal circuits are known to be asymptotically stronger than threshold
circuits in various settings [MSS94, DS96, Koi96]. For circuits with unbounded weight, it is known
that the Selection function f(x,y) = y, requires Q(n/logn) threshold gates, while there is an
O(y/n) upper bound by Sigmoidal circuits [Koi96]. We show that there is a similar upper bound

—

for another well-studied function IP2(Z,¥) := (Z, ) mod 2.

Theorem 1.7 (see Section 6.3). IP2 can be computed by an unrestricted-weight sigmoidal circuit

with O(y/nlogn) gates.

This upper bound is particularly interesting as an (n) lower bound is known for threshold
circuits [ROS94], and a 2(n/log n) lower bound is known for ReLU networks [VRPS21]; in contrast,
the Selection function can be computed by ReLU networks of size O(y/n) [Koi96]. It therefore
demonstrates an asymptotic separation between sigmoidal and ReLLU networks. Finally we note
that the improved upper bound above for the Inner Product function is the only result in this paper
concerning a sigmoidal circuit whose depth grows with n.

An Equivalence between Sigmoidal and Threshold Circuits. We are also interested in
the intermediate small-weight model that generalizes MAJ circuits: sigmoidal circuits with small
weights that computes Boolean functions with no separation. It is tempting to ask whether this
model is strictly stronger than its discrete counterpart, i.e., MAJ o MAJ.

4This is nearly optimal as there is a depth-two sigmoidal circuit of linear size computing selection [Koi96].



We show that depth-two circuits in this model is at least as strong as THR o MAJ, and indeed,
a further restriction to integer weights make it exactly equivalent to THR o MAJ.

Theorem 1.8. Let n € N be sufficiently large and s = s(n), W = W(n) > 1 be functions, and
f:{0,1}" — {0,1} be a Boolean function. The following two statements are equivalent:

(1) f can be computed by a depth-two sigmoidal circuit of size s - poly(n, W) with no separation,
where all weights are integers in [—W, W] and all biases are real numbers in (—1,1).

(2) f can be computed by a THR o MAJ circuit of size s - poly(n, W), where the bottom MAJ gates
have weight taken from {—W,... W}.

Moreover, the output gate of the circuit in (1) can be assumed to have weights in {£1}.

The implication (2) = (1) gives an interesting structural characterization of THR o MAJ. It
shows that sigmoidal circuits can be surprisingly strong even with small integer weights and small
real biases. In particular, as exponential separations between THR oc MAJ and MAJ o MAJ is known
[GHR92], this also indicates that real-valued activation functions are exponentially stronger than
threshold activation if we restrict to the polynomial weight regime.

Following a similar approach, we also prove a structural upper bound for simulating THRo THR
with sigmoidal circuits with top weights in {£+1}. Since MAJo THR C THR o MAJ C THR o THR
[GHR92, CM22], sigmoidal circuit with small top weights is stronger than its counterpart for
threshold sigmoidal circuits (MAJo THR) and also the restricted sigmoidal circuits in Theorem 1.8.

Theorem 1.9. Suppose that f : {0,1}"™ — {0,1} is computed by a THR o THR circuit of size s.
Then f is computed with no separation by a depth-two sigmoidal circuit of size s - poly(n) whose
output gate has weights in {+1}.

We also note that the simulation of threshold circuits using sigmoidal circuits in Theorems 1.8
and 1.9 also generalize to larger depth; see Section 7 for more details.

2 Intuition

2.1 Wire Complexity for Symmetric Functions

Recall that Parity requires ©(n2) wires for MAJ o MAJ [PS94], and super-linear wires for constant
depth threshold circuits [IPS97, CSS18]. Assume that n is even for simplicity. The depth-two
construction is as follows: for each k € {1,3,5,...,n — 1}, create a gate Gx(Z) that outputs 1 iff
|Z] = k, and take an OR of all such gates. Each gate needs O(n) wires, and therefore there are
O(n?) wires in total.

The depth-three sigmoidal circuit for Parity (and indeed any symmetric function) is built on
the same construction. The key observation is, instead of letting G1,Gs, ..., Gp—1 read all inputs
by themselves, we can create a gate Gsym that outputs Sigmoid(% Yo i), so Gi,Gs,...,Gpq
only need to read the output of Ggym and collect |Z| by appropriate scaling. The total number of
wires is O(n) as G1,Gs, ..., Gp—1 have fan-in 1, and the weights and biases of all gates are poly(n).

The wire complexity upper bound for depth-two sigmoidal circuits follows by simulating the
MAJ o MAJ circuit gate by gate. The matching lower bound follows by generalizing the rational
approzimation technique in [PS94].

In more detail, the proof of [PS94] shows that if the activation function can be well approximated
by a low-degree rational function, then every function computed by a depth-two network with



o(n?/log?n) wires and polynomial weights and biases with noticeable separation can be sign-
represented by a rational function of degree less than n/2 (see Theorem 4.4). The lower bound
then follows from the fact that a rational function P/Q sign-representing Parity has degree at
least n/2 [PS94]. Subsequently, it suffices to show that Sigmoid(z) can be well approximated
by a low-degree rational function. Fortunately, this has been studied in [SRK94], and there is an
approximation by combining Taylor expansion and an approximation of the sign function in [PS94].

2.2 Lower Bounds from Random Restriction

We now explain the intuition behind Theorems 1.2 to 1.4, which all use the random restriction
method (but in slightly different manners).

Random Restriction Method, and Why it is Nontrivial for Sigmoid. One of our main
technical contributions is to show that the random restriction method, which has been widely
used to prove lower bounds against threshold circuits (see, e.g., [[PS97, KW16, CSS18, KKL17,
HHTT23, FLY22]), can be adapted to analyze sigmoidal circuits.

A random restriction lemma (see, e.g., the one in [KW16]) for THR states that for any threshold
gate THR(Z) := sgn((W, Z) + B), after applying a random assignment to all but a few random bits,
the function likely becomes a constant function on all (or almost all) assignments on free variables.
It is often used to simplify a circuit by removing the bottom layer, as many gates become constants
and can be absorbed into the gates above it.

In our setting, gates involve real-valued activation functions (e.g. Sigmoid), so we cannot hope
for them to become a constant under random restriction. A natural attempt is to say, instead, that
a gate will likely become close to a constant. This is indeed possible by approximating Sigmoid(z)
by a piece-wise constant function; specifically, letting ¢ and J be two parameters, we write:

Sigmoid(x) ~ I[z > (t 4+ 1)d] + Z Sigmoid(jé) - 1[50 < x < (j + 1)d], (2)

—t<j<t

and subsequently approximate a sigmoid gate by a linear combination of O(t) THR gates. Then we
can apply the random restriction lemma for THR gates, and use a union bound to say that it also
works for sigmoid gates: if every threshold gate (used to test I[jo < x < (j + 1)d]) is trivialized,
the sigmoidal gate will be close to a constant up to an error 4.

However, this appears to be insufficient to prove lower bounds: The random restriction lemmas
for threshold circuits have an error probability n~2(1) Q1) variables free (which
is usually required for lower bound techniques), so we could afford at most ¢ = n® for a constant
e < 1, and subsequently § > n~¢ (as otherwise the error for x < —td or > (t 4+ 1) will be too
large). An approximation of a gate in the bottom layer with error n=¢ can not be ignored, as the
error might be amplified by higher layers of the circuit and affect the final output.

if we want to leave n

Random Restriction Lemma. To prevent the aforementioned issue, we indeed need a random
restriction lemma for Sigmoid with an approximation error at most n~¢ for any c. This appears to
be impossible if we approximate it by a constant after random restriction: Sigmoid(>_1 | x;/n?) is
not close to any constant after any partial restriction.

We therefore use approximation by polynomials. Instead of using the constant Sigmoid(j9) in
Equation (2), we use a degree-k Taylor approximation of Sigmoid(z) at z¢ := jd. For any = €



[56, (j + 1)), this estimation has an error about &*; if we choose ¢t = polylog(n), & := 1/polylog(n),
and k = O(logn/loglogn), the error can be boosted to n™¢ for any fixed ¢ > 1. Subsequently, we
can show that for any sigmoidal gate, after a random restriction, it becomes close to a low-degree
polynomial with error small enough to avoid affecting the final output.

Lower Bounds for Depth-3. Recall that Theorem 1.4 shows lower bounds comparable to results
of Kane and Williams [KW16] for MAJ o THR o THR circuits. Indeed, our main contribution is an
adaption of their proof to work for sigmoidal circuits.

Kane-Williams Lower Bounds. We first review the result in [KW16], focusing on the n'®/(log n)°(M)
gate lower bound. The hard function F' is called the Generalized Andreev’s function. It takes
(Z,7) € {0,1}" x {0,1}™ as input and satisfies the following property: For every set .2 of Boolean
functions on m variables, if |.Z| < 2°("), there exists an Z € {0, 1}" such that for every f € £, the
correlation between f and F(Z,-) is extremely small.

Suppose for contradiction that a small MAJ o THR o THR circuit C' computes F(Z,%). Then
by a random restriction p to some variables in ¢, many gates in the first layer will be trivialized.
In that case, C|, can be computed by a MAJ o THR o THR circuit C” where there are only a few
bottom layer gates. We then apply a standard tool called the discriminator lemma [HMP 93] to
show that there exists a second layer gate G of C’, which is a THR o THR circuit with a few bottom
gates that has nontrivial correlation with F(Z,-) for every . We will show that this is impossible.

Let .Z be the set of all depth-two circuits with a few bottom gates. By counting the total
number of parameters, we can argue that |.Z| < 2°") " and subsequently there exists @ such that
F(Z,-) has very low correlation with every function in .#. Fix this Z. Then in particular, the gate
G, which is a THR o THR circuit with a few bottom gates, has very low correlation with F(Z,-).
This leads to a contradiction.

Adaption to Sigmoidal Circuits. There are two main challenges to adapt the Kane-Williams lower
bound to sigmoidal circuits. First, the discriminator lemma [HMP93] is used to remove the top
MAJ gate, while we need to remove a Sigmoid gate. To address this, we observe that as we assume
polynomial weights for all Sigmoid gates, it is more similar to MAJ compared to THR, so we can
discretize the top Sigmoid gate and apply the same proof idea.

The second challenge is that the random restriction lemma for Sigmoid gates simplifies them
only to low-degree polynomials rather than constants, and in particular, each of the low-degree
polynomials may have large weights. We call the subcircuits corresponding to the second-layer
gates (in the simplified circuit) Sigmoid o (Sigmoid||Poly) circuits, as the bottom layer consists of
both Sigmoid gates and low-degree polynomials.

We may not use the same counting argument in [KW16] as there are too many polynomials (one
for each simplified gate). Nevertheless, as the top Sigmoid gates compute a linear combination of
bottom gates, and polynomials are closed under linear combination, we can merge all polynomials
into one. Therefore, the total number of such polynomials can be bounded in terms of the number
of free inputs and the degree, both of which are independent of the number of gates in the original
circuit. We use this to conclude that the total number of possible Sigmoid o (Sigmoid||Poly) circuits
with certain parameters is small enough to for the argument in [KW16].

Remark 1. We note that another technique often used in analyzing neural networks is rational ap-
proximation (see, e.g., [PS94, SRK94]). Within the same degree, rational approximation could have



exponentially better precision (see, e.g., [New64] and Section B.3). However, the proof above crucially
relies on the fact that polynomials are closed under linear combination without degree blow up, which is
not satisfied by rational approximation; therefore it is unclear whether we can use rational approximation
to improve this lower bound.

Remark 2. It can be observed that the random restriction lemma works for any sigmoid gate (i.e. with
unbounded weights). The reason that the lower bounds work only for bounded weights is that otherwise
(1) we cannot control the propagation of error (caused by the approximation of the bottom layer by
polynomials) to the final output, and (2) we cannot apply the discriminator lemma. Indeed, the lower
bound in Theorem 1.4 works even if the bottom layer has unbounded weights.

Correlation Bound with Parity. For threshold circuits, Chen, Santhanam, and Srinivasan
[CSS18] proved an almost-tight average-case lower bound on both the number of gates and wires.
We show that the gate lower bound can be adapted to sigmoidal circuits with polynomial weights.

Our proof follows from a somewhat different approach compared to that in [CSS18]. The lower
bound in [CSS18] is proved by analyzing the noise sensitivity of threshold circuits with random
restriction; we also use the random restriction method, while we instead prove an average sensitivity
upper bound for functions computable by sigmoidal circuits. (Nevertheless, we suspect both ours
and the approach in [CSS18] work in both cases.)

We first recall some basic concepts from Boolean function analysis. Let f : {0,1}" — {0,1}
be a function and = € {0,1}". The sensitivity of f at x is defined as the number of ¢ such that
flipping the i-th bit of x will change f(x). The average sensitivity of a function f : {0,1}" — {0, 1},
denoted AS(f), is defined as the expected sensitivity at a random input = < {0,1}". The relative
average sensitivity of f is defined as AS(f)/n. We need an observation of Boppana [Bop97] that
over a random restriction p, the expected relative average sensitivity of f|, is exactly the relative
average sensitivity of f.

We prove an average sensitivity upper bound for functions computable by depth-d, size-s sig-
moidal circuits by induction on d. The base case d = 1 can be derived from the average sensitivity
upper bound for linear threshold functions. Consider the induction case. Suppose we are given a
circuit C of depth d + 1. By the observation of Boppana [Bop97], we only need to upper bound
the expected average sensitivity of C|, over a random restriction p. We hope to simplify C by
the random restriction lemma and apply the induction hypothesis for depth d. The only problem
is that the sigmoidal gates simplify only to low-degree polynomials, and we cannot convert the
resulting circuit into a depth d sigmoidal circuit.

To circumvent this issue, we strengthen the induction hypothesis to work for extended sigmoidal
circuits, in which the bias of each gate is replaced by a low-degree polynomial in input variables
(rather than a constant). It can then absorb any polynomials attached to the bottom layer. As a
result, the base case should be changed to work with polynomial threshold functions (PTF), and
the random restriction lemma must work for PSigmoid gates. Fortunately, the average sensitivity
of PTF has been resolved by Kane [Kan14], and the random restriction lemma for PSigmoid can be
proved by a random restriction lemma for PTF in [KKL17] (in place of [KW16]).



2.3 Unrestricted Weight Sigmoidal Circuits

The lower bounds above all require small weights (and possibly also biases) for various technical
reasons. Now we explain our results on depth-two sigmoidal circuits with unbounded parameters.

Parameter Upper Bound for Depth-2. The main difficulty to generalize the weight bounds
(see [Has94]) for threshold functions to sigmoidal circuits is that

1. the gates are real-valued, so we cannot hope to replace them by bounded weight gates with
bounded parameters without incurring an approximation error;

2. even for depth-two circuits, approximation error in the bottom layer will be amplified by the
next layer, so it may change the function computed by the circuit.

Therefore, we cannot hope to prove an upper bound for parameters by adjusting the parameters
gate-by-gate, or even layer-by-layer.

The key idea is to consider the depth-two circuits as a whole. Suppose that a function f :
{0,1}"™ — {0,1} is computed by a depth-two sigmoidal circuit with no separation. As the Sigmoid
function is monotone, we can remove the output gate so that

h n
F@) =T1|c+ ) vSigmoid | b+ Y wiz; | >0]. (3)

i—1 j=1

As Sigmoid(z) = 1/(1 + e™%), we can observe that if we write W;; = e i and B; = e %,
for every fized input & € {0,1}", the RHS of (3) is the indicator of a polynomial inequality in
¢, {vi},{Bi},{Wi;}. We can then write a system of 2" polynomial inequalities with small integer
weights (by enumerating all 2 inputs) that defines the feasible set of parameters such that the
circuit computes f.°

Our theorem then follows from a generic result due to Basu, Pollack, and Roy [BPR96] that up-
per bounds the bit complexity of solutions for systems of polynomial inequalities (see also [BPRO6]
for a detailed explanation). Remarkably, their upper bound depends only on the number of vari-
ables, the weights and degree of polynomials, and is independent of the number of inequalities
(which is 2™); for this reason, we can upper bound all weights and biases by a single exponential
in n and s (rather than exponential in 2").

Lower Bound for Selection. The only technique for proving lower bounds against unrestricted
sigmoidal circuits is due to Koiran [Ko0i96]. Fix a topology of a sigmoidal circuit. Let Ng(x; ) be the
circuit where some of the parameters are fixed as o, while other parameters (called programmable
parameters) are left unspecified. We can define the family of real functions computed by the Ny
as the set of functions computed by Ng(z;¥) for any possible v.

Koiran [Koi96] observed that if a sigmoidal circuit C of size s computes the Selection function
f(x,y) = yz, where z € {0,1}°8™ and y € {0,1}", by making < s parameters (corresponding to y)
programmable, the family of functions could have VC dimension at least n. Combining this with
an O(s>m?) VC dimension upper bound for sigmoidal circuits with s gates and m programmable
parameters, he proved an Q(nl/ 4) lower bound for computing Selection.

®Indeed, we also need B;, W;; > 0 due to the change of variables.
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Our lower bound is proved by showing a stronger VC dimension upper bound for depth-two
Sigmoidal circuits. Specifically, for any depth-two sigmoidal circuit of size s, the family of functions
computed by making the biases programmable is at most O(slogs). This is proved using a VC
dimension bound for polynomial threshold functions in [AB02, BW96]. Plugging the upper bound
to Koiran’s approach, we can obtain the Q(n/logn) lower bound.

Upper Bound for IP2. Recall that IP2(Z,y) := (Z, %) mod 2. We explain the upper bound with
O(v/nlogn) gates; the other one follows from a similar idea. Let the input length be 2n. The upper
bound relies on two tricks:

e Multiplication of two real numbers z,y can be approximated by a linear combination of four
functions of form Sigmoid(ax + by + ¢), where a, b, c € R [DS96].

o Let C(Z) be any sigmoidal circuits and € € (0,1), then there is a sigmoidal circuit D with
one input and has k gates such that |(D o C)(Z) — bg| < &, where by denotes the k-th bit in
the binary expansion of C(Z) € (0,1) (see, e.g., [K0i96]).

Let & = (#1,...,%) and ¥ = (¥1,...,Yx) be a partition of the input into k blocks of size
r = n/k. The key observation is that we can compute (Z;, ¥;) by looking into the binary expansion

r—1 r—1
Di ‘= Z 2jl£)_3"17j Z 2(T_1_j)lg;‘,j
=0 §=0
where Z; = (Zi0,...,%ir—1) and g likewise. In more detail, the coefficient for the term 2(r=11 jg

exactly (@, 7;). When [ = O(logn) is large enough, (Z;, 7;) mod 2 is exactly the (r — 1)I-th bit of
pi; indeed, we can even read out Zf:1<fi, ¥;) mod 2 = IP2(Z, 3) from the (r — 1)Il-th bit of Zle Di-

Therefore, we can compute IP2(Z, %) by having a layer of O(k) sigmoidal gates computing p;,
taking the sum of them, and then read out the (r — 1)I-th bit using O(rl) gates. By taking

k = v/nlogn, the circuit is of size O(v/nlogn).

2.4 Equivalence between Sigmoidal and Threshold Circuits

We first explain the intuition behind Theorem 1.8. For simplicity, we assume s(n), W (n) = n©)

the theorem then states that depth-two sigmoidal circuits with polynomial integer weights and real
biases in (—1, 1) compute, with no separation, the same functions as THRo MAJ of polynomial size.

)

Simulating Sigmoid with THR o MAJ. The simulation of sigmoidal circuits follows from the obser-
vation that each gate in the bottom layer has poly(n) possible pre-activation values. Therefore, we
can replace each sigmoidal gate in the bottom layer by a linear combination of MAJ gates (with no
error). The top sigmoidal gate can be replaced by a threshold gate as Sigmoid is monotone, so the
circuit computes the same Boolean function with no separation even before activation.

Simulating THR o MAJ with Sigmoid. The main nontrivial direction is to simulate THR o MAJ with
small integer weight sigmoidal circuits. Without the constraint to have small integer weights, we
can simulate THRoMAJ as follows. Let T" C R be a finite set of size t. For any distinct S1,...,08; €
(=1,1), it can be proved that the matrix (Sigmoid(u+ f3;))uer,jecfy is invertible. Subsequently, every
function ¢ : T' — R can be represented as a linear combination of f;(u) := Sigmoid(u + ;). For
each MAJ gate G;(Z) in the bottom layer, letting w; € R be its weight in the top threshold gate,
we can replace w; - G;(Z) by a linear combination of at most ¢ sigmoidal gates (by taking T" as a

11



poly(n)-sized set). The top threshold gate can thus be replaced by a sigmoidal gate applied to the
sum of all sigmoidal gates.

This simulation does not work directly as the real coefficients to represent w; - G;(Z) as linear
combinations of sigmoidal gates are not guaranteed to be small integers; we can make the weights
small by normalization, but they may no longer be integers. The key idea is to apply the above idea
with the derivative of Sigmoid. With essentially the same argument, we can represent w; - G;(Z) as
a linear combination of g;(u) := Sigmoid’(u + (). We can further represent

§ - Sigmoid’(u + ;) = Sigmoid(u + 3; 4+ §) — Sigmoid(u + 3;) (4)

when ¢ is small. We then can encode the coefficients into the biases of sigmoidal gates, so the
weights of the top gate are only +1. (With a more careful argument via the inverse function
theorem, we can obtain an exact version of (4), see Lemma 7.1.)

Ezxtension to THR o THR. The main obstacle to extend this argument to simulate THR o THR is
that the bottom gates may have large weights and thus the pre-activation values no longer come
from a small set. To resolve this issue, we use a structural result that THR C DORo ETHR [HP10],
where DOR (disjoint OR) denotes an OR with a promise that at most one of the inputs is 1. Using
a slightly different construction, we can simulate each of the ETHR gates approximately as a linear
combination of Sigmoid’ functions. By applying the construction as in (4), we can use differences
of sigmoidal gates to simulate Sigmoid’, which leads to the final simulation.

2.5 Related Work

Complexity of Threshold Circuits. The rising popularity of neural networks in the 80’s and
90’s have led researchers to study the complexity of threshold circuits. This study has proven
challenging, and several basic questions remain wide open despite much attention. For depth-2
threshold circuits with polynomial integer weights either for gates in the first or second layer, expo-
nential size lower bounds are known for the IP Mod 2 function [HMP 93, Nis93, For02, FKL*01].
However, the best lower bound against depth-2 threshold circuits without weight restriction is
only Q(n25/10g®M (n)) [CTW26], which improves upon the near-quadratic lower bound [Tam16,
ACW16]; these are built on Williams’ algorithmic method (see [Will4]).

For depth-3, no super polynomial size lower bounds are known, even if all gates have polynomial
integer weights. In fact, establishing super linear lower bounds for depth-3 circuits with polynomial
weights was proved relatively recently [KW16]; their Q(n3/2/1og®M) n) gate lower bound remains
the best known to date.

Threshold vs Sigmoid networks. Both [Maa97b, DS96| pioneered the study of how threshold
and signoid circuits compare in computing Boolean functions. With respect to sigmoid circuits,
their focus is on upper bounds and they do not consider lower bounds for such networks. For their
upper bounds they rely on the following: While threshold gates only depend on the sign of their
pre-activation, a smooth activation y(z) possesses a curved “middle zone” around points xy where
v"(z9) # 0, allowing a constant number of gates to locally approximate degree-2 polynomials. This,
as well as the analog output of sigmoid gate has led researchers to believe that the use of sigmoids
in neural architectures should lead in some cases to more efficient representations [KS97].

Several works have supported this belief. Maass, Schnitger, and Sontag [MSS94] used this prop-
erty to show that f(z,y) = Majority(z) @ Majority(y) can be computed with noticeable separation
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by a depth-2 sigmoidal circuit with 5 gates, whereas depth-2 threshold circuits with noticeable sep-
aration require w(1) gates, by exploiting the middle zone of Sigmoid function. Their lower bound
holds for THRo THR circuits and is proved using random restrictions for threshold gates. DasGupta
and Schnitger [DS96] consider stronger separation against arbitrary threshold circuits (no depth or
weight restriction): they showed that unary squaring, SQ(x,y) = I[|z|?> < |y|] for € {0,1}" and
y € {0, 1}”2 (where |z| is the Hamming weight of z), is computable by a depth-2 sigmoidal circuit
of constant size, whereas TCY requires Q(logn) gates (which is nearly tight).

The “middle zone” idea is used (along with additional arguments) to establish the improved
upper bound on the Inner Product function (see Theorem 1.7). On the other hand, our proofs
or equivalence between depth-2 sigmoidal circuits computing with zero separation and THR o MAJ
circuits (e.g., Theorem 1.8) rely on different ideas than those in [MSS94, DS96].

Wire and gate complexity of Parity and Andreev’s function. We are not aware of previous
work studying the wire complexity of sigmoidal networks implementing Boolean functions (neither
for upper or lower bounds). We are also not aware of previous study of the study of random
restrictions in the context of sigmoidal networks with Boolean inputs and outputs.

For depth-2 majority circuits computing Parity, Paturi and Saks [PS94] used Newman’s ratio-
nal approximation of |z| [New64, PP87] to prove an Q(n?/log?n) wire lower bound and Q(n) gate
lower bound. Building on [PS94], Siu, Roychowdhury, and Kailath [SRK92, SRK94] proved nearly
matching O(dn'/(¢=1) worst-case and ©(n'/(2(4=1)) average-case gate lower bounds for depth-d
circuits computing Parity (see also [Bru90, ABFR94, BBGL0S, SO15, AT19] for related polyno-
mial sign-representation bounds). Because the lower bounds of [SRK92, SRK94] rely on rational
approximation, they apply only when weights and biases are polynomially bounded.

For general (unbounded-weight) threshold circuits of depth d, worst-case gate (Q(n!/(2(d=1)))
and super-linear wire (nHeXP(_O(d))) lower bounds for Parity were later proved by Impagliazzo, Pa-
turi, and Saks [IPS97] via random restrictions. Chen, Santhanam, and Srinivasan [CSS18] strength-
ened [IPS97] to the average case under the uniform distribution: they proved n~=()
bounds for Parity against depth-d threshold circuits with o(n'/(2(4=1)) gates or n!* wires, and
exp(—nQ(l)) correlation bounds for the Generalized Andreev function [And87, IN93, PZ93, Has98,
IMZ12, KR13]. Concurrently, Kane and Williams [KW16] proved n'®=°() gate and n*5—°(1) wire
lower bounds against MAJ o THR o THR circuits. Kabanets, Kane, and Lu [KKL17] extended
super-linear wire lower bounds to depth-d PTF circuits.

Our work shows that while the gate and depth-3 wire lower bounds of [KW16, CSS18] extend to
polynomial-weight sigmoidal circuits with noticeable separation, the super-linear wire lower bound
of [IPS97, CSS18] for Parity fails for sigmoidal circuits of depth d > 3 (Theorem 1.1).

correlation

VC dimension. When weights are unrestricted and separation is zero, VC dimension and re-
lated shattering bounds are the primary known tools for proving gate lower bounds [K0i96, KS97,
Maa97b, AB02]. Using Khovanskii’s fewnomial bounds [Kho91], Karpinski and Macintyre [KM97]
upper bounded the VC dimension of sigmoidal and Pfaffian networks with s gates and w pro-
grammable parameters by O(s?w?) (recent works have extended such VC dimension and expres-
sivity analyses to Graph Neural Networks [Gro24, DBS25, DYZ"26]).

Koiran [Koi96] applied [KM97] to prove an Q(n'/4) gate lower bound for the Boolean Selection
(indexing) function on log, n+n bits against unrestricted sigmoidal circuits of arbitrary depth, while
showing that Selection has depth-3 sigmoidal circuits of size O(y/n) but requires Q(n/logn) gates
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for unrestricted threshold circuits (Maass [Maa97b] proved an analogous Q(n'/*) sigmoidal and
Q(n/logn) threshold gate lower bound for the Boolean Coincidence Detection function CD,,(z,y) =

Vici (@i Ayi)).

2.6 Discussion

Our results reveal an interesting landscape for expressing Boolean functions using neural networks
varying activations: for certain complexity measures and Boolean functions, sigmoidal and thresh-
old circuits have similar circuit complexity, while for others, sigmoidal networks lead to significant
savings. Some of our results apply to additional activation functions (e.g., ReLU activations),
demonstrating noticeable differences of lower and upper bounds in terms of implementation of
Boolean functions depending on whether the activation function used is threshold, sigmoid or
ReLU. For example, our upper bound for representing the inner product function using sigmoid
networks is provably better than what can be achieved by neural networks with ReLUs [VRPS21].

Our investigation of the complexity of sigmoidal circuits reveals several intriguing open prob-
lems:

1. Prove super-linear wire complexity lower bound for sigmoidal circuits with polynomial
weights, large constant depth that computes a function with noticeable separation. The
function is necessarily not a symmetric function by Theorem 1.1.

2. Prove a weight upper bound for depth-three unrestricted sigmoidal circuits and beyond; our
weight upper bound uses change-of-variable trick that do not seem to work for depth three.
Such weight upper bounds could be a first step in extending our lower bounds for depth 3
networks with polynomial weights (Theorem 1.4) to depth 3 networks with arbitrary weights.
Alternatively, it might be that sigmoidal networks with unbounded weights and bounded
depth (say, depth 3) in the zero separation model are significantly stronger than threshold
circuits and can compute functions that are believed to be outside TCy. Obtaining new results
in this regard is an interesting future direction.

3 Preliminaries

Notation. Let Sigmoid(z) := (1 + e *)~! and Sigmoid4(Z) := Sigmoid((Z,@) + ). Let o :
R — [0,1] be a function, a o-circuit is a circuit with unbounded fan-in gates of form o4 (Z) :=
o (W, Z) + 0), where @ = (w1, ..., wy) € R¥ is said to be the weight of the gate, and § € R is said
to be the bias of the gate. In particular, a Sigmoidal circuit is a o-circuit with o := Sigmoid.

We also use Sigmoid to denotes a layer of Sigmoid gates, and thus Sigmoid o Sigmoid denotes
depth-two sigmoidal circuits.

For z € {0,1}", we use |z| to denote the Hamming weight of x. Similarly, for z,y € {0,1}",
we use | — y| to denote the Hamming distance between = and y. Let sgn : R — {0,1} where
sgn(z) =1iff z > 0.

Definition 3.1 (separation). Let € = e(n). We say that a o-circuit C' computes f : {0,1}" — {0,1}
with e-separation, if there exists 6 € [0, 1] such that for every z € {0,1}",

flz)=0 = C(zx)<¥6
flz)=1 = C(x)>0+¢
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It is said to compute f : {0,1}" — {0, 1} with noticeable separation if it has separation Q(n=*)
for some k > 1. It is said to compute f with no separation if it has separation 0. It is said to
compute f ezxactly if C(z) = f(x) for every z € {0,1}".

3.1 Lipschitz Property of o-circuits
Definition 3.2. Let fi, fo : {0,1}" — R be real valued functions on Boolean inputs. They are
d-almost e-close to each other, if

LB @) - p@)] < 21—

and are said to be e-close to each other if they are 0-almost e-close to each other.

Definition 3.3 (Lipschitz functions). A function o : R" — [0,1] is said to be x-Lipschitz if for
every T,y € R”,
o0(Z) = o ()| < £ |F =l

Lemma 3.4 (Lipschitz property of o-circuits). Let o : R — [0,1] be a k-Lipschitz function. For
every depth-d o-circuit C' with n inputs, s wires, and the mazimum absolute value of weights is
W € R such that ksW > 1, it computes a (ksW)?-Lipschitz function.

Proof. Let kg := (ksW)?, we prove this lemma by induction on d. The base case d = 0 is trivial,
so it suffices to consider the induction case.

Let G be the output gate and C1, ..., Cy be the sub-circuits that feed G, k < s, each of size at
most s. Let #1, %2 € R™ be inputs and § = ||Z1 — Z2]|1, we need to prove that

|G(c1) — G(c2)| < Ka -6,

where & = (C1(Zy),...,Ck(&;)) for i € {1,2}. By the induction hypothesis, each sub-circuit C;
computes a rqy_1-Lipschitz function, and thus ||¢] — &1 < Kg—1 - 0k < Kg—1 - Is.
It then suffices to prove that G is a (kW)-Lipschitz function. Recall that each gate of a o-circuit

is of form o((w, ) + 6), where @ = (w, ..., wy) € [-W, W]*. Then for &, é € R¥,
G(&1) = G(&)| < [o({w,c1) +0) — o((W, &) + 0)|
< k- |(W,c) — (W, )] (0 is k-Lipschitz)
= - [(w, & — &)
< KW . ||€1 - 52”1. (w S [—I/V, W]k)
This completes the proof. O

3.2 Analysis of Boolean Functions

Definition 3.5 (correlation). The correlation between Boolean functions f, g : {0,1}" — {0,1} is
the bias of their agreement probability over a uniformly random input:

N[ —

Cor(f,g) = f%ﬁjl’“l}n[f(f) = g(7)] —
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Definition 3.6 (e-balanced). A Boolean function f : {0,1}" — {0,1} is said to be e-balanced if
|Przqo1ynlf(@) =1 — 3| <e.

We will need the following lemma that converts a discriminator-type lower bound into a lower

bound on Cor(f, g).

Lemma 3.7. Let f:{0,1}" — {0,1} be e-balanced, and suppose g : {0,1}" — {0,1} satisfies

WP L@ =11 1@ =1 Pr [o@ = 1] 5@ = 0] =5
Then Cor(f,g) > /2 —e.

Proof. Define py, := Prz(o1}»[g(%) = 1| f(¥) = b] for b € {0,1}, and 1 := Prz (o 1} [f(¥) = 1}—%;
by the assumption, [p; — po| > ¢ and |n| < e. We can see that

WP U@ =@ = Pr (1@ =1p+  Pr [ =0(1-m)

= (5 +n)p1+ (3 —n)(1—po)
3+ 5(p1—po) +n(p1+po—1).

Subsequently, by |p1 + po — 1| < 1, we have

Cor(f,9) = glp1 —pol =l - [p1 +po — 1| = § — <. =

We need the definition of average sensitivity of Boolean functions, and a theorem from [Kan14]
on the average sensitivity of polynomial threshold functions.

Definition 3.8 (average sensitivity). Let f :{0,1}" — {0,1}. The sensitivity of f at the input =
is defined as

S(f,2) =) _If(@) — f@)],
i=1
where Z(!) denotes the input with the i-th bit flipped. The average sensitivity of f is defined as
AS(f) := Ez[S(f, x)], where & is sampled uniformly from {0, 1}".
Theorem 3.9 ([Kanl4]). Let p(¥) be a degree-d multilinear polynomial and f(¥) := sgn(p(Z)),
then AS(f) < v/n(logn)C(dlogd)90(d*logd)
3.3 Relationship with TC’ Circuits

We now consider the relationship between Sigmoidal circuits and TCY circuits, i.e., linear threshold
circuits. It is known that these two circuit model (assuming polynomial weights) simulates each
other within polynomial overhead. However, from a more fine-grained view, simulation of Sigmoidal
circuits with TC? incurs an substantial size blowup, while the other direction is almost for free.
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Simulating Sigmoidal circuits with TC’. The result of Maass, Schnitger, and Sontag [MSS94]
shows that poly(n)-weight depth-d Sigmoidal circuits can be simulated by depth-d threshold circuits
with poly(n) size overhead.

This simulation is obtained by replacing Sigmoid gates in depth 1,2,...,d, where depth 1 is
the layer fed by input variables, by a step function (using a linear combination of threshold gates)
that approximates Sigmoid. The correctness of the simulation is derived from the sensitivity of
Sigmoidal circuits, see, Lemma 3.4. By a close inspection of the proof, we can obtain:

Lemma 3.10 (implicit in [MSS94]). Let C(x) be a Sigmoidal circuit with depth d, size s, and
weight within [—W, W] that computes the Boolean function f : {0,1}" — {0,1} with separation
€. Then there exists a TCO circuit C' that computes the same Boolean function f of depth d, size
O((Ws)*- ™1, and with integer weights of O4(log((n + s)W/e)) bits.

As a corollary, sigmoidal circuits with polynomial weights (i.e. W < poly(n)) can be simulated
by Majority circuits with polynomial size overhead. In particular:

Corollary 3.11. Any function f : {0,1}" — {0,1} computable by depth-two, polynomial weights,
and polynomial sized Sigmoidal circuits with noticeable separation can also be computed by
polynomial-sized MAJ o MAJ circuits.

Corollary 3.12 ([HMP'93], see also [Raz92]). Inner Product function \P(z,y) := (x,y) mod 2 is
not computable by polynomial sized SigmoidoSigmoid circuits with polynomial weights and noticeable
separation.

Remark 3. Note that the simulation incurs a size overhead that is polynomial in the weight W (i.e. ex-
ponential in the bit length of weights). As a result, more fine-grained lower bounds, such as the gate and
wire complexity lower bounds against threshold circuits due to Impagliazzo, Paturi, and Saks [ITPS97],
do not immediately yield nontrivial lower bounds against Sigmoidal circuits.

Simulating TC? with Sigmoidal circuits. We can also simulate TC? with Sigmoidal circuits
at almost no cost. Formally:

Lemma 3.13. Let C(x) be a TCO circuit with depth d, size s, and integer weight at most W that
computes Boolean function f : {0,1}" — {0,1}. Then there is a Sigmoidal circuit with depth d,
size s, and weight at most O(sW') that computes f with noticeable separation.

Proof Sketch. We replace each threshold gate G(x) := sgn({w, Z) 4+ ) by the following sigmoid gate
G'(x) := Sigmoid((W', &) + 0'), where

W = (log*(sW)) -, 6 =log*(sW)-(0—1/2),

shifting the bias by 1/2 to account for (w,Z) + 6 = 0.

Fix any input Z to the circuit. We can prove by induction on the topological order of gates
that for each gate G’ in the new Sigmoidal circuit, the output of G’ differs from the output of G
by at most 1/(10sW), and in particular, the output is within b + 1/(10sW') for some b € {0,1}.
Therefore, the output of C’ is within C(x) &+ 1/(10sW), which implies that it computes f with
noticeable separation. O

Note that the proof above utilizes the property that Sigmoid(z) converges exponentially to 0
(resp. 1) for x — —oo (resp. z — +00).
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Remark 4. Subsequently, super-polynomial lower bounds for depth-two Sigmoidal circuits with un-
bounded weights would imply super-polynomial lower bounds for depth-two TC? circuits, a major open
problem in circuit complexity.

Another corollary is that the size blowup in Lemma 3.10 is likely unavoidable if we require the
threshold circuits to have small weights. Recall that there is an explicit function in THRo THR that
requires 22("*)_gize THR o MAJ circuits [CM22]. As THR o THR can be simulated by Sigmoid o
Sigmoid, we have that:

Corollary 3.14. There is a function f : {0,1}"™ — {0, 1} computable by depth-two polynomial-sized

(n!/%)

Sigmoidal circuits that requires 2 -size to compute by THR o MAJ circuits.

4 Wire Complexity for Sigmoidal Circuits

In this section, we explore interesting wire complexity upper and lower bounds for sigmoidal circuits.
Note that sparse sigmoidal circuits (i.e. circuits with few wires) models sparse neural networks,
where some of the weights are fixed to be 0.

4.1 Symmetric Functions using Linear Wires

We prove a wire-complexity upper bound for every symmetric Boolean function. Recall that f :
{0,1}™ — {0,1} is symmetric if f(Z) depends only on the Hamming weight |7, i.e., f(Z) = F(|Z|)
for some F': {0,1,...,n} — {0,1}.

Theorem 4.1. For every symmetric Boolean function f :{0,1}" — {0, 1}, there is a depth-three
sigmoidal circuit with O(n) wires and polynomial weights that computes f with separation Q(1).

Proof. Let v = 1/6. We can see that Sigmoid’(£) > v for all ¢ € [0, 1], as Sigmoid'(1) = e¢/(1+¢)? >
1/6 and Sigmoid’ is decreasing on [0,00). By the mean value theorem, Sigmoid(v) — Sigmoid(u) >
y(v —wu) for all 0 <u < v < 1. We construct the circuit layer by layer.
Bottom layer. A single gate Sigmoid,,,(Z) := Sigmoid (1 3" | x;) = Sigmoid(|Z|/n) of fan-in n.
Its output is a real-valued digest of the Hamming weight: it equals Sigmoid(m/n) when |¥| = m,
and consecutive weights are separated by Sigmoid((m + 1)/n) — Sigmoid(m/n) > v/n.
Middle layer. Let A := [(2n/v)In(10n)] = O(nlogn), and for each k € [n] let 75, := Sigmoid((k —
3)/n) and

Vis(Z) := Sigmoid (A - (Sigmoidg,m, (Z) — 7%)),

a gate of fan-in one that reads only the output of the gate Sigmoid
I[|Z] > k]| < 1/(10n):

o If |#| > k then Sigmoidy,, (%) — 7 > Sigmoid(k/n) — Sigmoid((k — 3)/n) > +/(2n). Then
Vi(Z) > Sigmoid(In(10n)) = 1 — gg > 1 — 13-
e Otherwise, symmetrically, Vi (&) < Sigmoid(—In(10n)) < 1/(10n).

We first show that |Vj(Z) —

sum-*

Output gate. Since f is symmetric, f(Z) = F(|Z]) for some function F : {0,1,...,n} — {0,1}.
Notice that F(m) = F(0) + > ;_; cx I[[m > k] with ¢; := F(k) — F(k—1) € {—1,0,1}. Let

C() := Sigmoid (4(F(0) + Sy cxVi(@) — 3)).
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a gate of fan-in n reading the middle layer gates. Let L(Z) := F(0)+ ), cx Vi (Z). Since >, |cx| < n,
we have

L(@) = F(a)| = |3 e (Ve(@) ~ 117 2 k)| <0 g = 55,

We can verify that the circuit computes f with separation at least 1/4: if f(Z) = 1 then L(¥) >
2 and C(Z) > Sigmoid(8/5) > 3; if f(&) = 0 then L(Z) < {5 and C(&) < Sigmoid(—8/5) < 3.
The circuit has depth three and n + n +n = O(n) wires, and all weights and biases are at most
A = O(nlogn) in absolute value. O]

Since the Parity function is symmetric, Theorem 4.1 applies to it.

Corollary 4.2. There is a depth-three sigmoidal circuit with O(n) wires and polynomial weights
that computes &, with separation Q(1).

The construction illustrates a concrete advantage of sigmoidal gates: It is known that the parity
function requires super-linear wires for threshold circuits [IPS97] when the depth is an arbitrary
constant and weights are arbitrary, and even for average-case computation [CSS18].

4.2 Wire Complexity for Depth-2 Sigmoidal Circuits

To fully close the question of wire complexity for sigmoidal circuits, we prove tight upper and lower
bounds for depth-two sigmoidal circuits (up to polylogarithmic factors).

Proposition 4.3. For every symmetric function f : {0,1}" — {0,1}, there is a depth-two
polynomial-weight sigmoidal circuit with O(n?) wires that computes f with separation Q(1).

Proof Sketch. For each k € {0,1,...,n} such that f accepts strings with Hamming weight k, create
a gate Vi (&) that outputs &~ 1 when |Z| = k, and = 0 otherwise. The output gate is a top sigmoidal
gate that outputs =~ 1 when the sum of V; > 0, and = 0 otherwise. O

Recall that Paturi and Saks [PS94] proved an Q(n?/log®n) wire complexity lower bound for
depth-two threshold circuits with polynomially bounded integer weights computing Parity. They
indeed show that depth-two threshold circuits with wire complexity E and integer weights within
[—W, W] can be represented as the sign of a rational function of degree O(v/E log(nW)).

It can be observed that the result generalizes to sigmoidal circuits by combining [PS94] with
a rational approximation of Sigmoid. We first state a generalized version of [PS94, Theorem 3].
Recall that the degree of a rational function p/q is defined as max{degp, degq}.

Theorem 4.4 (Adapted from [PS94, Theorem 3]). Let ¢ > 0,co > 1 be constants, and o : R — [0, 1]
be any non-decreasing k-Lipschitz function satisfying the following conditions: For every k > 1,
a > 1, there is a rational function ri(z) of degree at most k with no pole in [—a,a] such that for
every x € [—a,a], |rp(z) —o(z)| < cpa® - e=k!¢/e0,

Then for any depth-two o-circuit C' : {0,1}"™ — [0, 1] with weights and biases within [—W, W]
and has at most E wires, if C computes a Boolean function f :{0,1}" — {0,1} with separation ¢,
there is a rational function r : {0,1}" — R of degree O(VElog®?(nkEW/8)) that sign-represent

f, i.e., f(x) =sgn(r(x)) for every x € {0,1}".
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Proof Sketch. We follow the proof of [PS94, Theorem 3|. Fix the circuit C' and let o1,...,0¢ be
the gates in the bottom layer, w; be the weight for o; in the top o-gate, and ¢(Z) be the affine
function consisting of the bias of the top o-gate and its wires from the input variables. As ¢ is non-
decreasing and k-Lipschitz, there exists (o, (1 such that (1 —(y > §/k, and f(Z) = 1 (resp. f(¥) =0)
iff Zl wioi(f) + E(f) > G (resp. Zl wiai(it’) + g(.’f) < C())

Let k,d > 1 be parameters to be determined. We consider gates with large and small fan-in:

e (Large Gates). For each gate o;(¥) with fan-in larger than d (called large gates), we ap-
proximate it using the provided degree-k rational function &; with degree k. Note that
0i(¥) = o((W,Z) + B), where [(W,Z) + S| < (n+ 1)W. It then suffices to instantiate the
rational approximation with a := (n + 1)W, so the error is O((nW) - e*kl/c/CO).

e (Small Gates). For each gate oj(Z) with fan-in at most d (called small gates), we use a
degree-d polynomial 6;(Z) to compute it exactly over {0,1}".

Let L := {i € [t] | 0; is large}. Since there are at most E/d large gates, >, ; w;F;(¥) is a rational
function with degree at most kF/d. Meanwhile, we can observe that

> wioi(E) = > witi(%)
i€l i€l
By setting k& := ©O(log®(nkEW/J)), the error is at most 6/(3x). This implies that ), w;5;(Z)
approximates ) , w;o;(Z) within error §/(3x), and subsequently R(z) := Y, w;604(Z) + £(Z) — (¢1 +
Co)/2 sign-represent f, as desired. Note that the degree of R(Z) is kE/d + d, which is minimized
when we set d := VkE. O

=0 (BW (W) e /) = (nEW)OW) . ke,

The following lemma gives the rational approximation of Sigmoid that we need. Its proof follows
[SRK94] and is based on Newman’s theorem on the rational approximation of |z| [New64]; we defer
it to Section B.3.

Lemma 4.5 (Rational approximation of Sigmoid). There is a constant Cy such that for every a > 1
and ¢ € (0,1/2], there is a rational function r of degree at most CoIn®(a/e), with no pole in [—a,a,
such that |r(xz) — Sigmoid(z)| < € for every x € [—a, a].

Corollary 4.6. Any function that can be computed by a depth-two sigmoidal circuit containing B
wires and using polynomial weights and biases with noticeable separation, can be sign-represented
by a rational function of degree O(v/Elogn). Consequently, any depth-two sigmoidal circuit with
polynomial weights and biases that compute Parity with noticeable separation requires )(n?/ log? n)
wires.

Proof. Let o := Sigmoid, which is non-decreasing and k-Lipschitz for k = 1/4, and by Lemma 4.5 it
satisfies the condition in Theorem 4.4 with ¢ = 2. Now let C' be a depth-two sigmoidal circuit with
E wires and weights within [—W, W], where 1 < W < n®M) that computes f : {0,1}"* — {0,1}
with separation § > n= P10 If E > n2, then f is sign-represented by a polynomial of degree at
most n < VE (e.g., the multilinear extension of f minus 1/2). Otherwise, Theorem 4.4 yields a
rational function of degree O(v/Elog(nk EW/§)) = O(v/Elogn) that sign-represents f.

For the second part, suppose that a rational function P/Q sign-represents Parity, where @ has
no zero on {0,1}". Then the polynomial P - @ also sign-represents Parity, so deg P + deg@ > n
by [PS94, Lemma 3] (see also [PS94, Corollary 1]). Hence the degree of P/Q is at least n/2, and
subsequently O(v/Elogn) > n/2, i.e., E = Q(n?/log®n). O
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5 Lower Bounds via Random Restriction

In this section, we prove two lower bounds against sigmoidal circuits with noticeable separation via
random restriction methods.
5.1 Random Restriction Lemmas for Sigmoid Functions

We first develop lemmas that analyze the behavior of linear and sigmoidal functions under random
restrictions, using random restriction lemmas for threshold functions [KW16, KKL17] and the
analytic property of the Sigmoid function.

5.1.1 Analytic Properties of Sigmoid Functions

Theorem 5.1 (Cauchy’s coefficient formula, see, e.g., [FS09, Theorem IV.7]). Let A be a positively
oriented simple loop around 0, and f(z) be analytic on and inside A, then

P 1)

K 2w [, 2Rt

Lemma 5.2 (see, e.g., [How03, Section 5.4]). Let A be a contour, and f be a continuous complex
function such that |f(z)| < M for all z € A\, then

/)\f(z) dz

Corollary 5.3. For any k > 0 and ¢ € R, |Sigmoid® (&)| < k!/(7/2)F.

where ((\) denotes the length of .

Proof. Let g(z) = Sigmoid(z + &) be the shifted function defined over C; clearly, ¢g¥)(0) =
Sigmoid*) (£). The function g(z) is analytic at 0. Moreover, the singular points of g(z) are exactly
z = —(E+in(2n + 1)) for n € Z, |z| > /€2 + (2n+ 1)272 > 7, and thus g(z) is analytic in
{zeC||z| <7}

Let A be the positively oriented circle with radius 7/2. Note that |g(z)| < 1 within the circle.
By Cauchy’s coefficient formula, we can see that

(k) —(k+1 —k
g\"(0) 1 / g(z) 1 (77) (k+1) 4 (7r>
< - dz| < — (= < (=
K| = 2n | ), 20 = 2r \2 =)
where the second inequality follows from Lemma 5.2. 0

5.1.2 Random Restriction on Linear and Sigmoidal Functions

We start by defining a few concepts. A restriction is a pair p = (I,¥), where I C [n] is the set of
free variables and 7 € {0,1}["\. We use f|, to denote the function on the free variables obtained
from f by fixing x; to y; for every i ¢ I. For any fixed partition & of [n] into m blocks, we use
R to denote the distribution of restrictions in which I contains exactly one uniformly random
variable of each block, chosen independently for different blocks, and ¢ is uniformly random.
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Lemma 5.4 ([KW16]). Let f : {0,1}" — R be any linear function, and g(Z) := sgn(f(Z)) be a
linear threshold function. Then for any partition & of [n] into m blocks of equal size,

Pr [g|, is not a constant function] < O(m/\/n).
pRo
For a linear function f(Z) = (W, Z) + 6 and a < b, §, we say that f(Z) is d-concentrated within
[a, b] if there exists z € [a, b] such that for every & € {0,1}", |f(Z) — z| < J. The following lemma
is a simple corollary of the restriction lemma above.

Lemma 5.5. For any linear function f(Z) with n variables and any partition & of [n] into m
blocks of equal size, m <n/16, § > 0, and a,b such that b—a > §, over a block random restriction
p — R, with probability 1 — O(m(b — a) - §~1/\/n), at least one of the following two conditions
holds:

1. fl,(2) < a for every Z € {0,1}™, or f|,(2) > b for every Z € {0,1}";

2. f|, is d-concentrated within [a, b)].

Proof. Let N € N such that §/2 < (b—a)/N < 6, let ¢ := (b—a)/N, and 7 := a + 0’ for
i=0,1,...,N, s0 7p = a and 7y = b. For each i, let ¢;(¥) := sgn(f(Z) — =), which is a linear
threshold function. Applying Lemma 5.4 to each ¢; and by union bound over 4, with probability
1—O(Nm/y/n)=1-0(m(b—a)d~'/\/n) every gi|, is constant.

Condition on this event. By monotonicity in 4, the tuple (gol,,-..,9nl,) € {0,1}¥ "1 has the
form (1,...,1,0,...,0); let i* € {—1,..., N} be the index of the last 1 (with i* = —1 if all entries
are 0). If i* = —1 (resp. i* = N), then f|, < 79 = a (resp. f|, > 7v = b) on {0,1}™, yielding
condition 1. Otherwise 7+ < f|, < Ty+41 = 7= + ¢’ on {0,1}™, which satisfies condition 2 with
z:=Tp+06'/2. O

By a case analysis, we can also show that after a (block) random restriction, a sigmoid-like gate
will likely be approximable by a low-degree polynomial.

Corollary 5.6. Let n,t > 20, m < n/16, k >0, W € R", § € R. Then for any partition & of [n]
into m blocks of equal size, over p < Rz, with probability at least 1 — O(mt(k + 1)Int/\/n), there
is a degree-k multilinear polynomial p : R™ — R such that for every T € {0,1}™,

|Sigmoidyg ¢],(Z) — p(Z)| <t~

where O(-) hides an absolute constant. Moreover, every coefficient of p has absolute value at most
2k+1.

Proof. Let f(Z) := (W,Z) + 6, and a > 0 be determined later. By Lemma 5.5, we know that over
p < R, with probability at least 1 — O(mta/\/n), f|, is either (1/t)-concentrated within [—a,al,
or fl, < —aon{0,1}™, or f|, > aon {0,1}™. We show that in either case, it can be approximated
by a degree-k polynomial.
e (Case 1). Suppose that f|, < —a on {0,1}" (the case f|, > a is symmetric). Then 0 <
Sigmoid z o[ ,(Z) < €7@ for every 2 € {0,1}". We set a := (k + 1)Int, so it suffices to choose
p =0 (resp. p = 1 in the symmetric case).
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e (Case 2). Suppose that f|, is (1/t)-concentrated at u € [—a,al, i.e., |f|,(Z) — p| < 1/t for
every Z € {0,1}™. Let g be the degree-k Taylor approximation of Sigmoid at u. Taylor’s
theorem shows that for every y with |y — p| < 1/t, there exists a £ € R such that

|Sigmoid * 1) (¢)]

Ty ) < ),

|Sigmoid(y) — q(y)| <

where the last inequality follows from Corollary 5.3. It then suffices to take p(Z) := q(f|,(Z)),
which is a degree-k polynomial in Z as f|, is a linear function.

In both cases, we may assume p is multilinear as the input is Boolean. For the moreover part,
note that |p(2)| < 1+t~ *+Y < 2 for any # € {0,1}™, as Sigmoid has range (0,1). For every
S C [m] with [S] < k, by the inclusion-exclusion principle, the coefficient of [], g2 in p is
S reg(=D)ISI=Tlp(T7), where Tr € {0,1}™ is the indicator vector of T. Therefore, its absolute
value is at most 215! .2 < 2k+1, O

5.1.3 Random Restriction for Bounded Fan-in Gates

We also need the following restriction lemma from [KW16] that works for sigmoidal gates with
bounded fan-in. A Boolean function g : {0,1}" — {0,1} is said to be degenerated if it depends on
at most one of its input variables.

Lemma 5.7 ([KW16, Lemma 3.1]). Let f: {0,1}" — R be any linear function that depends on at
most ¢ of its input variables, and g(Z) := sgn(f(¥)) be a linear threshold function. Then for any
partition & of [n] into m blocks of equal size,
Pr [g], is not degenerated] < O(m>20/n?).
PR

Lemma 5.8. Let f(Z) : {0,1}" — R be a linear function that depends on at most ¢ of its input
variables, & be a partition of [n| into m blocks of equal size, m < n/16, 6 > 0, and a,b such that
b—a > 6. Then over a block random restriction p < R with probability 1 — O(m3/2 - L5~ (b —

a)/n3/2), there is a free variable such that for each restriction o fixing it to 0 or 1, at least one of
the following two conditions holds:

1. flpoo < a on all inputs, or f|yee > b on all inputs;

2. flpoo is 0-concentrated within [a,b].

Proof Sketch. We follow the proof of Lemma 5.5. The key observation is that if a non-constant
sgn(f|,—7) depends on only one variable, then this variable has the strictly largest absolute weight
in f|,. Subsequently if that variable is fixed arbitrarily, all threshold functions must be constant
simultaneously. ]

Corollary 5.9. Let n,t > 20, m < n/16, k > 0, W € R", § € R. Suppose that W has at most ¢
non-zero entries. Then for any partition & of [n] into m blocks of equal size, over p < R 5, with
probability at least 1 — O(m3/?t(k + 1) Int/n®?), there is a degree-(k + 1) multilinear polynomial
p:R™ — R such that for every & € {0,1}™,

‘Sigmoidw79|p(f) — p(f)’ < ¢~ (k+1)

Moreover, every coefficient of p has absolute value at most 2512,
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Proof Sketch. We follow the proof of Corollary 5.6 using Lemma 5.8. The only difference is that
after the restriction p, we find the free variable x provided by Lemma 5.8 and construct two degree-
k polynomials pg, p1 that approximate Sigmoidw79| p when x = 0 and = = 1, respectively. It then
suffices to define p(Z) := (1 — ) - po(Z) + = - p1(Z). As in Corollary 5.6, we may assume that p is
multilinear, and the moreover part follows in the same way since p has degree at most k+ 1. [

5.2 Lower Bounds for Generalized Andreev’s Function

We now prove a super-linear lower bound against depth-three sigmoidal circuits with a hard func-
tion, known as generalized Andreev’s function, that is computable in polynomial time. Formally:

Theorem 5.10. There exists an absolute constant cg > 1 such that the following holds. Let a > 1,
let n € N be sufficiently large (depending on a), and d, W, 6~ < n®. Suppose that C is a (2n)-input
depth-3 sigmoidal circuit, where

e the output gate is a sigmoidal gate with fan-in d and weights within [—W, W];

e the middle layer consists of d sigmoidal gates with weights and biases within [—W, W];

e the bottom layer (i.e. closest to input variables) has s sigmoidal gates in total.

Then if C' computes GA, m with separation § € (0,1), s > n*/?/(logn)®.

5.2.1 Counting Depth-2 Augmented Sigmoidal Circuits

For the purpose of proving Andreev’s function lower bound, we need to count the number of possible
depth-2 sigmoidal circuits augmented with a low-degree polynomial.

Definition 5.11 (Sigmoid o (Sigmoid||Poly)). A depth-two augmented Sigmoidal circuit, denoted
Sigmoid o (Sigmoid||Poly), is of the following form:

e the bottom layer consists of s sigmoidal gates o1,...,05 and a real-valued multilinear poly-
nomial p : R” — R, both fed by input variables;

e the top layer is a sigmoidal gate o fed by o1, ..., 05 and p, where the wire from p has weight 1
and the constant term of p serves as the bias of o, so it outputs Sigmoid(>_;_; v;0:(Z) + p(Z))
for some v1,...,vs € R.

The size of the circuit is defined as s + 1, the wire complexity is defined as the total number of

wires of 01, ...,0,0, and the degree is defined as the degree of p. The weights of the circuit consist
of weights of o1,...,0,,0 (including the biases of 01,...,05) as well as the weights of monomials
in p.

Lemma 5.12. Let n,d,s,w > 1, W > 1, 6 € (0,1/2]. Then there is a list £ of Sigmoid o
(Sigmoid||Poly) circuits such that for every Sigmoid o (Sigmoid||Poly) circuit C' with size at most
s+ 1, wire complexity at most w, degree at most d, and weights within [—W, W, there is a circuit
C'" € & such that C and C' are §-close to each other. Moreover,

log, |-Z| = O(wlog(nsW/4) + p(n,d) log(p(n, d)W/s)),

where p(n,d) = Z?:o (5)-
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Proof. Let C be such a circuit, where bottom gates are o;(&) = Sigmoid((d;,Z) + b;), 1 < j < s,
and it computes Sigmoid(3_; vjo; (%) +p(7)). Let C' be the circuit with the same topology obtained
by rounding each weight and bias of the sigmoidal gates to the nearest integer multiple of € :=
5/(4(n + 1)sW), and each coefficient of p to the nearest integer multiple of ' := §/(4p(n,d)). The
list £ consists of all circuits obtained in this way. Such a circuit is determined by

e the number of bottom gates, the < w pairs (j,4) such that o; reads z;, and < 2w rounded
parameters of sigmoidal gates (one per wire and one bias per bottom gate; note that s < w),
each taking O(nsW?2/4) values;

e At most p(n,d) rounded coefficients of p, each taking O(p(n,d)W/J) values.

This gives the bound on |.Z|.

We show that C' and C’ are d-close. Fix # € {0,1}". As Sigmoid is (1/4)-Lipschitz and each
bottom gate has at most n + 1 parameters, |0;(Z) — 03(Z)] < (n + 1)e/4 < §/(16sW). Since
oj(Z) € [0,1], [v}| < 2W, and every multilinear monomial takes values in {0, 1}, the preactivation
of the output gate changes by at most

S S . 6 0 9
S (105 = 51 05(@) + 6] 10(7) — oY (@)) +p(n,d) £ < S+ 24T <5,

J
so the output changes by less than §/4. O

Lemma 5.12 only counts circuits with bounded weights, while the bottom layer of the circuits in
our lower bounds may have unbounded weights. After a random restriction, however, these gates
depend on few variables, and the next lemma bounds their parameters up to a small error.

Lemma 5.13 (Parameter compression). Let m > 1, ¢ € (0,1), W € R™, and b € R. Then there

are W € R™ and V' € R, whose entries have absolute values at most (m + 1)!-1In(3/e), such that
for every Z € {0,1}™, |Sigmoid((, Z) + b) — Sigmoid((@’, Z) + V)| < e.

Lemma 5.13 is an approximate analogue of the classical fact that every threshold function on
m variables can be realized with integer weights of absolute value 20(™1°8™) and we prove it by
the classical argument (see, e.g., [Has94, Section 3]). The proof is deferred to Section B.1.

5.2.2 A Discriminator Lemma for Sigmoidal Functions

We generalize the standard discriminator lemma (see, e.g., [HMPT93]) to sigmoidal gates that
compute a Boolean function with noticeable separation.

Lemma 5.14. Let 0 : R — R be a non-decreasing and k-Lipschitz function. Let g1,...,Gm :
{0,1}™ — [0,1], W € [-W,W]|™,0,60,01 € R, f:{0,1}"™ — {0, 1, %} be the partial function defined
as

1 0g6(91(Z),...,9m(Z)) > 61
f(@) =190 og9(91(Z), ..., gm(T)) < do
*  otherwise

Assume that 51 > & and f~(0), f~1(1) # @. Then for every integer B > 1, there exist t €
{1,..., B} and i € [m] such that for g; (%) = sgn(g:(¥) — t/B) € {0, 1},

01—0 2

kmW B’

,- ) = r) = — / 7)) —= ) — >
WP @) =1 @ =1 P 1@ =11 7(7) =0]| 2
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In particular, for B = [4kmW /(01 — do)|, the lower bound becomes at least (61 — o)/ (2emW).

Proof. Throughout the proof, all expectations and probabilities are taken over a uniform ¥ <«
{0,1}"; we omit the subscript for brevity. By definition, g; ,(Z) = 1 iff g;(%) > t/B.

Recall that g;(Z) € [0,1] for every i € [m] and & € {0,1}". Subsequently, for each i € [m], we
have

<7

Let g;(Z) := %Zilgét(f)’ L(Z) == Y " w;gi(Z) + 0, and i(f) = Y i w;gi(Z) + 0. Since

L@ - L@ < S Jwil - 1i(@) — ()] < T (5)
=1

Let a1 := min{L(Z) € R | & € {0,1}", o(L(Z)) > 61} and ap := max{L(¥) € R | ¥ €
{0,1}", o(L(Z)) < do}; the existence of ag, a; follows from f750), f~1(1) # @. Note that by the
definition of f, L, and L,

Moreover, as ¢ is non-decreasing and k-Lipschitz, we have a1 —ag > (01 — do) /K. Subsequently, we

have
E[L(#) | f(2) = 1] - E[L@) | f@) = 0] > & = b _ 277;W_

Finally, by linearity of expectation and the fact that g; (%) € {0, 1},

BIL@) | £(#)=1] - BIE@) | £ =0 = 5 > S wi Ay,
2:1 t=1
where A;; := Prlg; ,(¥) = 1| f(Z) = 1] — Pr[g; ,(¥) = 1| f(&) = 0]. Since |w;| < W, the absolute

value of the RHS is at most mW - max;c,) +c[p) |Aiy], hence

max  |A;;

i€[m], t€[B] ’

> 1 51—50_2mW _(51—50_2
—mW K B  kmW B’

as required. The “in particular” statement follows from B > 4xmW/(d; — &), which gives 2/B <
(51 - 50)/(2I€mW) L]
5.2.3 Proof of the Size Lower Bound

We need the hard function F' : {0,1}" x {0,1}™ — {0,1} constructed in [KW16], with a simple
modification so it runs in poly(n,m) time (rather than poly(n,2™) as stated in [KW16]). We first
recall a lemma from [KW16].
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Lemma 5.15 ([KW16, Lemma 6.1]). There is an absolute constant C' > 1 such that the following
holds. Let e > 0, and let S be a set of Boolean functions on m wvariables such that Cor(g,q') < e
for any two distinct g,g' € S. Then for every Boolean function f on m wvariables, at most C/e

functions g € S satisfy Cor(f,g) > Cy/e.

Lemma 5.16 (implicit in [KW16, Corollary 6.2]). Let n be sufficiently large and m be an even
integer such that n> < 2™ < 2". There is a function F : {0,1}" x {0,1}™ — {0,1} computable in
poly(n) time such that given any class of Boolean functions £ on m wvariables with |.£| < on/2,
there is an & € {0,1}" such that for any f € £, we have Cor(f, F(Z,-)) < O(y/n)/2™/*.

Proof Sketch. Let £ :=m/2, and identify {0,1}* with the field Fo. using an irreducible polynomial
of degree ¢ over Fy, which can be found deterministically in poly(¢) time [Sho90]. For # € {0,1}"

and 2 = (u,v) € Fgg, let

n
F(%2) := <Z zutTt v> mod 2,
=1

where (-, -) is the inner product of the binary representations; it can be computed with O(n) field
operations. This is indeed the powering construction of small-biased sets from [AGHP92].

For ¥ # &', the polynomial g(u) := > I (x; & z})u’! is nonzero and has fewer than n roots,
and F(Z, (u,v)) ® F(Z, (u,v)) = (q(u),v) mod 2 is a uniformly random bit over v when g(u) # 0.
Hence F(Z,-) and F(Z,-) agree on a 1/2 + O(n/2™/2) fraction of inputs. By Lemma 5.15 with
£ :=n/2™? each f € £ has correlation more than O(y/n)/2™/* with F(&, -) for at most O(2™/2 /n)
strings 7. Since |.Z| - 0(2/2/n) < O(2"/n) < 2", some & € {0,1}" satisfies the lemma. O

Fix m := 16[logy n-log, log, n]. For simplicity of presentation, we assume n/m is an integer; the
general case follows by a simple padding argument. Let F'(Z, Z) be the polynomial time computable
function above. We will use the following function GA, ,,,(Z, %) with n + (n/m) - m = 2n input
variables, where Z € {0,1}" and 7 € {0,1}". The string ¢/ is parsed as i, ..., Jm € {0,1}*/™, and
we define

GAn,m('ﬂ g) = F(fv ??),
where z; := @(7;) is the parity of bits in ¢;. By Lemma 5.16, GA,, ;,, is computable in polynomial
time. The function is introduced by Kane and Williams [KW16] and is a generalization of Andreev’s
function [And87]; the variants of Andreev’s function have found many applications in proving circuit
lower bounds, see, e.g., [IN93, PZ93, Has98, IMZ12, KR13, KW16, KKL17].

Theorem 5.10. There exists an absolute constant cg > 1 such that the following holds. Let a > 1,
let n € N be sufficiently large (depending on a), and d, W, 6~ < n®. Suppose that C is a (2n)-input
depth-3 sigmoidal circuit, where

e the output gate is a sigmoidal gate with fan-in d and weights within [—-W, W];

e the middle layer consists of d sigmoidal gates with weights and biases within [—W, W|;

o the bottom layer (i.e. closest to input variables) has s sigmoidal gates in total.
Then if C computes GA,, ,, with separation § € (0,1), s > n3/?/(logn)<®.
Proof. Suppose that C' computes GA,, ,,, with separation 6. Let & € {0,1}" be a string and ¢,k € N
be parameters to be determined later (¢), k < n/2, and Cz(y) := C(Z,¥) be the circuit after fixing

the first n input bits to be Z. As mentioned above, we assume for simplicity of presentation that
n/m is an integer.
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Behavior under random restriction. Parse j = (71,...,%x), where 7; € {0,1}"/™ for every
i € [m], and let & be the partition of [n] into m blocks so the i-th block corresponds to g;. Then
by Corollary 5.6 and Markov inequality, there is a restriction p over R such that all but

=0 (ﬂ@; -tfﬁﬁ—i— 1)lnt> o (smt(k\;—ﬁl)lnt) ©

sigmoidal gates in the first layer are ¢t~ *+1_close to a degree-k real coefficient polynomial. Fix any
restriction that satisfies this condition, and let n; := m be the number of remaining input variables
of Cz|,. Let C1 := Cg|,. Note that C; computes the function 2+ F(&, Z @ 7j) with separation ¢,
where n; € {0,1} is the parity of the bits of 7; fixed by p.

Proposition 5.17. Let
Wi = max{(Qk'Hs +2n+1)W, (ny + 1)!- ln(3tk+1)}. (7)

For each subcircuit G in the middle layer of Cy, there exists a Sigmoid o (Sigmoid||Poly) circuit G’ of
size at most s1 + 1, degree k, and weights within [-Wy, W1] such that |G(2) — G'(2)| < sW -t~ (k+1D)
on any Z € {0,1}".

The proof is straightforward, and is deferred to the end of the proof.

Applying the discriminator lemma. Let C}(2) be the circuit obtained from C; by replacing
each subcircuit G in the middle layer with G’ in Proposition 5.17. Then we know that |C{(Z) —
C1(2)| < (dW) - sW - t=*+D) < sdW2/th+1, Assume that sdW?2/tF+1 < §/10 (which we will verify
later (%)), C4(Z) computes F(&, 7@ 1) with separation at least § — 2sdW?2 /tk*T! > 45 /5 (an additive
error of e can increase the outputs on O-inputs and decrease the outputs on 1-inputs by e each, so
it decreases the separation by at most 2e).

Note that C{(Z) is a sigmoidal gate taking at most d inputs (each of which is a Sigmoid o
(Sigmoid||Poly) circuit of size s; + 1, degree k, and weights within [—W7, Wi]). We now define
another circuit C7(2) obtained from Cf(Z2).

Let .Z be the list of circuits in Lemma 5.12 for approximating Sigmoid o (Sigmoid||Poly) circuit
of size s1 + 1, degree k, and weights within [—W7, W] up to precision 6/(10dW). We replace each
Sigmoid o (Sigmoid||Poly) subcircuit that feeds the output sigmoidal gate of C7(Z) with its best
approximation in ., so that

) J
"\ ! (2 < < .
R -G < @) o <
Therefore, C7 (Z) still computes F(Z, Z&1) with separation at least 46/5—2-§/10 = 3§/5. Moreover,
we know that each subcircuit in .£ can be completely specified with

nie

log, |-Z| = O <n131 log(dnlslé_lwl) + k2 ( 1

)k log(kdn15_1W1)> (8)

bits, where we use the approximation (}) < (ne/k)¥.
Then by Lemma 5.14 with ¢ = Sigmoid (which is 1/4-Lipschitz) and B = [4kdW/(3/5)] =
O(dW/4$), which applies since F(Z,-) is not constant for the string & we fix below, there exist
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a Sigmoid o (Sigmoid||Poly) circuit G’ € £ and an index 7 € [B] such that, defining G/(2) :=
sgn(G'(2) — 7/B),

- JER N o 1 (7 — JER A

LB G@ =1 FEFen =1~ P [G1(2)=1] FEZ07) =0)

> 30/5 _ 60 > i )
2kdW 5dW aw

Note that G.(Z) can be completely specified with O(log, |-Z| + logy B) bits.

Counting argument. We now set parameters (¢) and prove that log,(|-Z|- B+1) = o(n), where:
t:= [(logyn)®] and k := [logy n/ log, logy n].

By assumption we have s < n3/2. Combined with d, W, 1/8 < n® we have sdW?/§ < n4at3/2 Note
that
tk—l—l > tk > 2k:~6a10g2 loggn > 26alog2n _ nGa

)

which is at least 10 - sdW?2 /4 for every a > 1 and n sufficiently large, as required by ().
We now instantiate Equation (8) with the chosen parameters. Recall that ny = m = O(logn -
loglogn), and let §» := 6/(10dW), so logy(1/0¢#) = O(alogn). Subsequently,

e By Equation (6), s; = O(smt(k + 1) Int/\/n) = O(as (logn)®*+2loglogn/\/n).
e By Equation (7), logy, W1 = O(alogn + nylogny) = O(a(logn)?/loglogn).
e The binomial term (nie/k)* in Equation (8) satisfies

(nle/k)k < (17e(logy logy n)g)loan/logQIngn—i-l = po),

The bounds above give logy(dn1s1W1/dy) = O(a(logn)?/loglogn). Plugging them into Equa-
tion (8),
a? s (logn)%+5 loglogn

NG

Set ¢p := 12, and suppose toward contradiction that s < n%/2/(logn)®®. Since cpa — (6a + 5) =
6a —5 > 1 for every a > 1,

log, |[Z| = O( >+n°<1>, logy B = O(log(dW/5)) = O(alogn).

a? s (logn)%+5 loglogn < a’n loglogn B a’n loglogn a’n loglogn
Vn = (logn)ea—(6a+5) —  (logn)ba—s = logn

= o(n),
and so logy(|-Z|- B+ 1) = o(n), as desired.

Applying Lemma 5.16. Define the augmented list #’ := {Z — GL(Z@® ) : G € &, T €
[B], 7 € {0,1}™} U {0}, where 0 : {0,1}"* — {0,1} is the constant zero function. Then
|2 < 2™ |Z|-B+1 < 2°0W < 2%2 as m = o(n). Note also that n?> < 2™ < 2" since
16logyn < m < m. Subsequently, by Lemma 5.16 applied to .£’, there exists #* € {0,1}" such
that for every f € &/,

IN

O(\/ﬁ) . n—4log2 log, n (10)



Let € be the largest correlation between f € £’ and F(Z*,-) and set & := ™.
Recall that the discriminator lemma yields (for some G’ € £ and 7 € [B]) the inequality (9).
Replacing Z by Z @ 1 there, the function ¢(2) := GL(Z® 1) in £’ satisfies

d where pp ;== Pr [g(2)=1| F(z",2) = b]. (11)

‘p1—p0‘ > T {0y

Since 0 € .Z’, (10) also holds for 0, which implies that F(Z*,-) is e-balanced; as e < 1/2, F(&*,-)
is not constant, so the discriminator lemma indeed applies. Combining (11) with Lemma 3.7, we
have

—k 6
Cor(g, F(T*,)) > sqw €

On the other hand, g € &’ gives Cor(g, F(Z*,-)) < . Subsequently, §/(dW) < 4e = O(y/n) -
n4log2log2n However, §/(dW) > n~%n~2¢ = n 3% which is much larger than O(y/n)-n 4108210827
for n sufficiently large. This leads to a contradiction. O

Proof of Proposition 5.17. Let G be a subcircuit in the middle layer of C1, and Fi,..., Fs be the
gates in the first layer, so that

G(Z) = Sigmoid <Z w; - Fi(2) + g@))

i=1

for some wy,...,ws € [-W, W] and an affine function ¢ that collects the bias of G and its wires
from the (restricted) input variables. As G has at most 2n input wires, the absolute values of the
coefficients of ¢ sum to at most (2n + 1)W.

Let o/ be the set of indices of the (at most s;) first-layer gates that are not approximated
by polynomials. For i ¢ <7, let p; be the multilinear polynomial given by Corollary 5.6, whose
coefficients have absolute values at most 21, For i € 7, let F! be the sigmoid gate given by
Lemma 5.13 for F; (as a function of the n; free variables) and ¢ := t~*+1) whose weights and bias
have absolute values bounded by (n; 4+ 1)! - In(3tF+1) < W;. Let

G' (%) := Sigmoid (Z w; - F/(2) + P(Z)) , where P := Z w;ip; + L.
i€/ i¢od

Then G’ is a Sigmoid o (Sigmoid||Poly) circuit of size at most s;+1 and degree k, and each coefficient
of P has absolute value at most 2*t1sW + (2n 4 1)W < Wi. Moreover, every first-layer gate Fj is
replaced by a function that differs at most t~*t1) from Fj on {0,1}™; as Sigmoid is (1/4)-Lipschitz,
IG(2) = G'(2)] < 130, Jwy| - t=BHD) < s - = (kD) O

5.2.4 Proof of the Wire Lower Bound

Now we prove a similar lower bound on the total number of wires in the first layer. It follows closely
the proof of Theorem 5.10; we describe only the changes (marked in blue).

Theorem 5.18. There exists an absolute constant cg > 1 such that the following holds. Let a > 1,
let n € N be sufficiently large (depending on a), and d,W,1/6 < n®. Suppose that C' is a (2n)-input
depth-3 sigmoidal circuit, where
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e the output gate is a sigmoidal gate with fan-in d and weights within [-W, W];

e the middle layer consists of d sigmoidal gates with weights and biases within [—W, W];

e the bottom layer consists of sigmoidal gates, each with fan-in at least one, whose total fan-in
18 W.

If C' computes GA,, , with separation § € (0,1), then w > n°/?/(logn)<-.

Proof Sketch. The crucial step is to replace Corollary 5.6 with the wire-complexity variant Corol-
lary 5.9: the failure probability of the j-th first-layer gate with fan-in w; under random restriction
p + R becomes O(m*? tw;(k +1)Int/n/?). Since w = >_j wj, by linearity of expectation, the
expected number of bad gates is at most O(m>/? t w(k+ 1) Int/n3/?), and Markov’s inequality then
yields a restriction p € R4 such that all but

o = O<m3/2tw(l€+1)lnt> (12)

372
first-layer gates are t~(**D_close to a degree-(k + 1) polynomial (rather than degree k, by Corol-
lary 5.9). Analogously to Proposition 5.17, for each middle-layer subcircuit G, there is a Sigmoid o
(Sigmoid||Poly) circuit G’ of size s1 + 1, degree k + 1, and weights within [-W7, W3] for W :=
max{(2°t2s 4+ 2n+1)W, (ny+1)!-In(3t*+t1)}, with the same per-gate error |G —G’| < sW -t~ (k+1),
We can then apply the discriminator lemma to obtain a Sigmoid o (Sigmoid||Poly) discriminator for
F(Z,- @ 1), provided that t**1 > 10 - sdW?2/§ (x).

Assume for contradiction that we have w < n®/2/(logn)%; in particular, let s be the number
of bottom-layer gates, then s < w < n®?2. Combined with d, W, 1/8 < n%, this gives sdW?/5 <
n1et5/2 We can set

t := [(logyn)™] and k := [logyn/logy logy n|

so that t**1 > 10 - sdW?/6 for every a > 1 and n sufficiently large (the condition (x)).

Following the counting argument of Theorem 5.10, the dominant term n;s; logy W1 becomes
O(w a?(logn) ™ 11/2 (log log n)3/% /n®/?). By setting ¢ := 14, it follows that log,(|.Z|- B+1) = o(n).
We can then apply Lemma 5.16 with the list .’ defined as in the proof of Theorem 5.10 to conclude
a contradiction. O

5.3 Correlation Bounds with Parity via Average Sensitivity

In this section, we prove a correlation bound for polynomial-weight small sigmoidal circuits and the
parity function. Our main result is the following lower bound that matches the correlation bound
for linear threshold circuits (see, e.g., [CSS18]).

Theorem 5.19. For any a,d > 1 and sufficiently large n, let C' : {0,1}" — [0,1] be any depth-d
sigmoidal circuit with s gates and weights within [—n®,n%|. Then for any 0 < 0y < 01 < 1 with
01— 0p > n~%, we have

1
p T) > 01 A®n(T) = 1]+ P F) < 8 A @n() = 0] < 5 4 8! M7/,
;E<—{01:1}" [C(F) > 61 A ©p(F) = 1] + gz‘<—{01r1}n [C(Z) < 0o N B (Z) =0] < 5 +s n

In particular, for d > 2 and s < nt/@Ed=1)=2Q0) "3 computes a Boolean function f with separation

at least n=%, then Cor(f,®yn) < n—(L)
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Indeed, we also prove an average sensitivity upper bound for any Boolean function computed
by polynomial-weight small sigmoidal circuits with noticeable separation. Formally:

Theorem 5.20. For any a,d > 1 and sufficiently large n, let C : {0,1}" — [0, 1] be any depth-d
sigmoidal circuit with s gates and weights within [—n®,n%|. Suppose that it computes a Boolean
function f: {0,1}" — {0,1} with separation § > n=®, then AS(f) < s'~1/d.pl=1/Q2d)+o(1),

5.3.1 Random Restriction on Polynomial Sigmoid Functions

To prove the correlation bound for parity, we need to analyze the behavior of polynomial sigmoid
functions under random restriction.

Definition 5.21 (Polynomial Sigmoid Functions). A polynomial sigmoid function is a function of
the form

PSigmoid,, (%) = Sigmoid(p(Z)),
where p is a real-weighted multi-linear polynomial. The degree of the function is defined as the
degree of the polynomial p. The function is said to have weight at most W if each coefficient of
monomials in p has absolute value at most W.

Recall the definition of restrictions p = (I,%) in Section 5.1. We use R, to denote the
distribution of restrictions in which I is a uniformly random subset of [n] of size m and ¥ is
uniformly random. When the input length n is clear from the context, we may drop it and simply
use R,, to denote the distribution.

Lemma 5.22. For any degree-d multilinear polynomial p(Z) with n variables, t > 2, k > 1,
m < n/16, § € (0,1/16) with 6 < \/m/n, over a random restriction p <— Ry, with probability at

least
1-0 (x/m/n -kt - (log(n/m) - log(tk/é))o(d2)>
there is a degree-(dk) polynomial q : R™ — R such that PSigmoid,)|,,q : {0,1}"" — R are §-almost
t= -+ _close to each other.
The proof of the lemma is close to its linear version (see Corollary 5.6), with a crucial difference

that we need to apply the random restriction lemma for polynomials in [KKL17]. We defer the
proof to the appendix (see Section B.2).

5.3.2 Average Gap Sensitivity

We will prove the correlation bound by considering the average sensitivity of functions computed by
Sigmoidal circuits. We start with the definition of average gap sensitivity for real-valued Boolean
functions f : {0,1}" — [0, 1].

Definition 5.23 (average gap sensitivity). Let f : {0,1}" — [0, 1] be a function, its (do, d1)-gap
sensitivity at x € {0,1}", denoted Sg, 5, (f,x), is defined as

Ssor (frx) = > Tmax{f(&), f(#D)} > 61 A min{f(&), f(ZD)} < o],
i€[n]

where (9 denotes the input with the i-th bit flipped. The average (60,01)-gap sensitivity of f,
denoted ASs, 5,(f), is

AS50751 (f) = z<—{1%1}n[550’61 (fa x)]
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The following lemmas show that a function f : {0,1}" — [0, 1] with small gap sensitivity, when
we view it as a binary classifier with gap J, has small correlation with the parity function over n
bits.

Lemma 5.24. Let 60,01 € R, §p < 61, s € R, and f : {0,1}" — [0,1] be any function with
ASs, 5, (f) <s. Then

1 s
P 7 o) n ) =1 P T ) n 7) — < = _—
P @) > 8 ASn@) = U+ P [£(@) < oA @(#) =0 < 5+ o
Proof. By the definition of average (dg, d1)-gap sensitivity, we know that
0] prima(1(2), FE0)) > 1 Amin{ (@), (7)) < ). (13)

where z < {0,1}" and i < [n]. Let G be the event in Pr[-] above, £ be the event that either
f(@) > 01 A@u(Z) = 1 or f(Z) < 6o A Dp(F) = 0, and & be the event that either f(7()) >
61 A @ (D) =1 or f(29) < 6y A ®,(Z?) = 0. By the definition of the events, £ A £ implies G,
since @y, (%) # @, (Z?). Moreover, as the marginal distribution of both # and Z(*) are uniformly
random, we know that Pr[£] = Pr[€'], and subsequently

AS
55 Bunl) _pygy s pre ng > 1 2Pile)
n n Tz T T
This implies that Prz;[£] = 1 — Prz,;[-€] < 1/2 + s/(2n). O

Next, we prove two useful lemmas on average sensitivity. The first lemma is an adaptation of
[Bop97, Lemma 3].

Lemma 5.25. Let f:{0,1}" — [0,1] be a function and 1 < m <n. Then

ASs.00(f)  Eper, [ASse.6.(flp)]

n m

Proof. For & € {0,1}" and i € [n], we say (i) is good if max{f(Z), f(#?)} > & and
min{ f(Z), f(Z®)} < &. For a random restriction p < R,,, we can consider it as a random
subset I C [n] of size m (the free variables) and a random assignment § € {0,1}"~" to variables
outside of I. It can be verified that for each I C [n],

[ AS o= (1,79)] = E  [II(Z.4) i d pai
gj<—{o,1}n—m[ 50,01 (flp)ip == (1,7)] 2 f(_{()’l}"[ [(Z,4) is a good pair]]

1
~on Z Z I[(,) is a good pair].

i€l $e{0,1}
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Subsequently,

1
B [ASsy.5 (flp)] = on Z Z [(Z,1) is a good pair]

pRm n] |[I|=m icl ze{o1}n

= E Z E [iel]
FOI |0, ) gooa IIHITI=m
m m
B Z " . 50,61 (f)

| i€[n],(Z,7) good

Lemma 5.26. Let f,g: {0,1}" — [0,1] be y-almost §-close to each other. If ASsyys55,—5(f) < s
where 61 — 0o > 0, then ASs, 5,(9) < s+ 2yn.

Proof. Let §( := 6o+ ¢ and 0] := 6; — 6. Let B C {0,1}" be the set of inputs on which f and g
differ by more than §, and thus |B| < -2". Call a pair (Z,) € {0,1}" x [n] good if both Z, (%) ¢ B,
and bad otherwise; the number of bad pairs is at most 2|B|-n < 2v-n - 2"

For a good pair (Z,) contributing to Ss, 5, (¢, %), i.e.,

max{g(#), (")} > 61 and min{g(), g(7")} < 0,

we can see that (7, ) also contributes to Sy 5 (f, ). Subsequently, ASs, 5,(9) < ASs 5 (f) +2yn <
s+ 2yn. O

5.3.3 An Upper Bound on Average Sensitivity

By Lemma 5.24, it suffices to analyze the average gap sensitivity of a sigmoidal circuit to prove
a correlation lower bound with the parity function. We consider a strengthened model called
polynomial-adjusted sigmoidal circuits.

Definition 5.27 (polynomial-adjusted sigmoidal circuit). A polynomial-adjusted sigmoidal circuit
of degree r on n input variables is a circuit with a single output gate, where each gate v computes

G () = Sigmoid (p(7) + Y wuw - Gul() )

uU—v

for a multilinear polynomial p, of degree at most r in the input variables (with arbitrary real
coefficients), and the sum is over the gates u that feed v.

The size of the circuit is the number of its gates, and its weights are the coefficients w,, of the
wires between gates. The depth of a gate is the maximum number of gates on a path from an input
variable to it (so the gates of depth 1 are fed only by input variables), and the depth of the circuit
is the depth of its output gate.

In particular, a depth-d sigmoidal circuit whose weights are within [—W, W] is a depth-d
polynomial-adjusted sigmoidal circuit of degree 1 whose weights are within [, W].
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Lemma 5.28. Fiz any d > 1, there exists ¢ = ¢(d) > 1 such that the following is true for any
a > 1 and any sufficiently large n and any 1 <r < n.

Suppose that C is an n-input polynomial-adjusted sigmoidal circuit of depth d, degree r, and
size at most s, whose weights are within [—W, W] for W < n®. Then for every § > n~% and every
09,01 € [0, 1] such that 01 — 6y > 0,

ASs, 5,(C) < s171/d . p1=1/(2d) 2/ loglogn or-(loglogn)®,

Proof. Let ®4(s,n,r) denote the right-hand side of the bound. If ®4(s,n,r) > n, the bound holds
trivially as ASs, 5, (C) < n, so we may assume that ®4(s,n,r) < n. Let ¢ = ¢(d) > 1 be determined
later. We prove the lemma by induction on the depth d > 1.

Base Case. In the base case, i.e., d = 1, the circuit is simply a PSigmoid, (¥) gate, where p(7) is
a multilinear polynomial of degree at most r (so s = 1).

Fix d,d1 € R. By the monotonicity of Sigmoid, there is 6 € R such that PSigmoid,(¥) > 01 =
p(&) > 0, and PSigmoid,,(Z) < do = p(Z) < 0. Let f(Z) = sgn(p(&) — 0), then by Theorem 3.9,°
when c is larger than an absolute constant and n is sufficiently large, we have

AS50,51 (C) < AS(f) < \/ﬁ(log n)O(rlogT’)2O(r2 log ) < n1/2 . 2r3(loglogn)6’ (14)

where the first inequality follows from the definition of average (gap) sensitivity.

Applying Random Restriction. Now we consider the induction case: assume that the lemma
holds for d, we will prove that it also holds for d + 1. Let C be a circuit of depth d 4+ 1, and V be
the set of gates of depth 1 in € as they are not fed by any gate, each u € V computes PSigmoid,,
for a polynomial p, of degree at most r. Let m < n/16 be determined later (), and we apply a
random restriction p < R, to the circuit C. Let ¢t > 2,k > 1, € (0,1/16) with v < \/m/n be
parameters to be determined (¢). By Lemma 5.22 and union bound, we know that with probability
at least 1 — 3, where

B = sy/m/n - kt (log(n/m) - log(tk/7))°"") (15)

(k+1)_close to a polynomial ¢, of degree at most rk; where

every Gyl, with u € V is vy-almost ¢~
O(-) hides an absolute constant.

Let &€ be the above event, and fix any p such that £ happens. Let C’ be the circuit on {0, 1}"™
obtained from C|, by removing the gates in V and, for each remaining gate v, replacing p, by
Pulp + 2 uey, uso Wuv * qu, Which has degree at most r’ ;= min{rk, m}. We may remove duplicated
variables in each monomial so it is multilinear. The depth of every remaining gate decreases by
exactly one, so C’ is a polynomial-adjusted sigmoidal circuit on m inputs of depth d, degree 7/, and
size at most s, whose weights are within [T, W].

Let S C {0,1}™ be the set of # such that |Gy|,(2) — ¢u(2)| < t=*+V for every u € V; by union
bound, [S| > (1 —svy)-2™. Fix 2 € S. At Z, the preactivations of a remaining gate G, in C|,
and in C’ share the term p,|,(Z) and differ only through the gates feeding v, where each u € V is
replaced by ¢,. As Sigmoid is (1/4)-Lipschitz, the error of v is at most sW/4 times the maximum
error of the gates feeding v, and the error of each u € V is at most t~(**1). By induction on the
depth, |C|,(2) — C"(2)| <, := (sW + 1)¢ - t=*+1) " Ag a result, C|, and C’ are sy-almost ,-close.

51t is worth noting that there is a claimed improvement to this upper bound by OpenAl, which may slightly im-
prove our results in certain parameter regimes; see https://github.com/openai/math/blob/main/preprints/Average-
Sensitivity-of-Polynomial-Threshold-Functions-September-25-2026 /main.pdf.
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Applying Induction Hypothesis. We instantiate the deferred parameters (©), (¢) as
v = n~@+D .= [nlﬂog? logz "1, k:=[10adlogylogyn], m := [nd/(dH)/52/(‘“'1)]7

taking n sufficiently large compared to a,d throughout. We can verify that:
e m < n/16 and m > nl@=D/% As &y, (s,n,7) > sV @) . pl=1/QEA+HD) and By (s,n,7) < n,
we have s < n1/24 and thus m > n@/(d+1) . p=1/(d(d+1)) — p(d-1)/d
e 0, <d/4. Since thtl > pllad g < W < n? and § > n~%, we have

6p < (2na+1)d/n10ad < n—a—? < 5/4

o < t1/(@41) =1/ (2AdHD)) 2/ loglogn (169 n)O(™*) for sufficiently large n; see Equation (15) for
the definition of 5. To see this, notice that \/m/n < 2n~1/(2(d+1) /g1/(d+1) " Jp < p2/loglogn
and log(n/m) - log(tk/v) = (logn)°M),

o v</m/n andy < 1/16. Since m > 1, a > 1, we have v = n—(at2) < p=1/2 < vm/n.

First assume that d > 2, so that m > y/n. Set &, := 6o+ 9,, 0] := 01 —0p, @’ :=2(a+1), 0 := /2.
It follows that nW < not!l < m®, § = 0/2>n"%/2 > m~%, and 81 — 6y > ¢'. Hence by the
induction hypothesis,

AS(SI 5 (C/) < Slfl/d . mlfl/(Zd) . m2/ loglogm | 2(rk)3(10glogm)c/ (16)
0,91 - ’

where ¢ := ¢/(d) is the constant from ITH. As k = O(adloglogn), provided that ¢ > ¢ + 5 and n is
sufficiently large, we can obtain that

Asé(’),é’l (C/) < Sl—l/d . ml—l/(2d) . n?/loglogn . 2r3(10g10gn)c. (17)

Note that conditioned on &€, C" and C|, are (s7v)-almost d,-close, and thus Lemma 5.26 gives
ASsy.6, (Clp) < ASgy 51 (C”) + 2sym. Subsequently we have

n
A560751(0> = m p(_ﬂ% [A550,51(C’P)] (Lemma 5.25)
n
<= . Prl—
< 2 (B, s (Cl) | €]+ Prl])
< % ~ASg 5 (C") + 2syn + Bn. (Lemma 5.26)

Plugging Equation (17) into the first term and using m > n®(d¢+1) /s2/(d+1)
n - ASs s (C’) < gl=1d o —1/(2d) 2/ loglogn | or®(loglog n)°
m 071 -

< 8171/(d+1) . nlfl/(Z(dJrl)) . TL2/ loglogn 2r3(loglogn)c,
where the last step uses the fact that 1 —1/d+1/(d(d+1)) =1—1/(d+1). The remaining terms
satisfy 2syn < 2n~% < 2 and fn < 31_1/(d+1)-nl_l/(Q(d+1))-n2/1°g1°g"-(log n)o(’"g). Subsequently, we

can conclude that for some ¢ = ¢(d) and sufficiently large n, ASs, s, (C) < s'=1/(@+1) . p1=1/(2(d+1)).
n2/log logn | 2r3(log log n)c‘

36



For d = 1, the circuit C” is a single PSigmoid, gate with deg@ < r’. We therefore apply
the base-case argument directly, which requires no bounds on the weights or separation. Using
" <rk = O4(rloglogn) in the PTF estimate of (14), we obtain

As‘séyai (Cl) <vm 2011(7"3(10g log n)3)'

Here 4, and ¢} are defined as above. For ¢ > 3 and sufficiently large n, this also implies (17), since
its leading factor s'~V/4m1=1/(2d) equals /m when d = 1. O

By instantiating » = 1 to Lemma 5.28, we can obtain the average-sensitivity bounds for Boolean
functions computed by sigmoidal circuits.

Theorem 5.20. For any a,d > 1 and sufficiently large n, let C : {0,1}" — [0,1] be any depth-d
sigmoidal circuit with s gates and weights within [—n® n®]. Suppose that it computes a Boolean
function f:{0,1}" — {0,1} with separation § > n=%, then AS(f) < s'~1/@.pl=1/@d)Fo(1),

By combining Lemma 5.24 and Lemma 5.28 (for r» = 1), we can immediately derive the corre-
lation bound with parity for sigmoidal circuits.

Theorem 5.19. For any a,d > 1 and sufficiently large n, let C : {0,1}" — [0,1] be any depth-d
sigmoidal circuit with s gates and weights within [—n® n®]. Then for any 0 < dy < §1 < 1 with
01 — 09 > n"%, we have

1

- — - 2 0] < = 4 gl-1/d ., —1/@d)+o(1)
f(_%:l}n [C(Z) > 61 AP (Z) = 1] + ﬁ_%’"l}n [C(Z) < 6o N B (Z) =0] < 5 TS n

In particular, for d > 2 and s < nt/@Ed=1D)=2Q0) "3 computes a Boolean function f with separation
at least n=%, then Cor(f,®yn) < n—01)

6 On Sigmoidal Circuits with Large Weight

In this section, we study sigmoidal circuits with large or even unbounded weight. As the simplest
case to attack, we first consider depth-two circuits: Sigmoid o Sigmoid. We establish an architecture-
preserving weight bound and a gate lower bound for depth-two circuits. We then allow the depth
to grow and show that unrestricted weight sigmoidal circuits can compute inner product mod 2
with sublinear size.

6.1 Weight Upper Bounds on Depth 2

Recall that for linear threshold gates (i.e. THR(Z) := I[{(w,Z) + 8 > 0]), it is known that integer
weights @ and bias 8 of O(nlogn)-bits suffices (see, e.g., [Has94]). This upper bound naturally
generalizes to polynomial threshold gates; see, e.g., [Sak93]. However, it does not apply to sigmoidal
gates (or other standard activation functions) as the output is non-Boolean, so arbitrary changes
on the current gate could alter the output of downstream gates.

In this section, we prove a weight bound for depth-2 Sigmoid circuits to compute a Boolean
function with no separation. Specifically, every function computed by depth-two sigmoidal circuits
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with no separation can be computed by a depth-two sigmoidal circuit of the same architecture and
bounded weights.”

Theorem 6.1. Suppose that f : {0,1}" — {0,1} is computed by a depth-2 sigmoidal circuit with
h > 1 gates in the bottom layer and no separation. Then f is computed by a circuit with the same
architecture whose weights and biases have absolute values at most

(h(n + 1) + 1)O(h(n+2)+1) _ 2O(hnlog(lm))

with no separation.

On Boolean inputs, exponentiating the bottom-layer parameters turns sigmoid outputs into
rational functions of the new exponentiated parameters. Clearing positive denominators expresses
correct classification as polynomial inequalities. Recall that a subset of R is semi-algebraic if it
is defined by a finite Boolean combination of polynomial equalities and inequalities; see [BPRO6,
Section 2.3].

To prove Theorem 6.1, we will use a standard result due to Basu, Pollack, and Roy [BPR96]
that shows the existence of rational points contained in semi-algebraic sets.

Theorem 6.2 ([BPR96, Theorem 4.1.2], see also [BPR06, Theorem 13.16]). Let S C R¥ be a
nonempty semi-algebraic set defined by only strict inequalities in integer polynomials {P;}. If each
P; has degree at most d > 2 and coefficient bit size at most T, then S contains a point in QF whose
coordinates have bit-size at most Td®®) | where O(-) hides a constant independent of the number of
equalities and inequalities.

Proof of Theorem 6.1. Let o(x) := Sigmoid(z) for simplicity. Suppose our depth 2 circuit denoted
as N : {0,1}" — R has h gates in the first layer. Write c(x) = co + > 7 ujz;, where u; is the
weight of the direct wire from x; to the output, or zero if that wire is absent. By definition, any
Boolean function computed by the circuit (with no separation) may be parameterized by

h n
f(x) =1 C(l’) + Z vio | b; + Z wi; Ty | > 0
i=1 j=1

(The top sigmoidal gate is removed by the monotonicity of Sigmoid(x).) By shifting ¢y slightly, we
may assume that the output of the inner function in f(z) is always non-zero.
Rewriting variables B; = exp(—b;) and W;; = exp(—wj;), we can express

n n -t
ol b+ Z Wi | = 14+exp | —b; — Z Wi T
Jj=1 Jj=1
—1

J€[n]

"Note that every Boolean function on n inputs can be computed by a depth-two sigmoidal circuit with O(2") gates
and polynomially bounded weights and biases, by simulating its disjunctive normal form. This construction requires
exponentially many gates, whereas our theorem bounds the parameters for much smaller circuit while maintaining
the gate count.
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Note that M;(z) = B; ][ e, W7 is a monomial term in the variables B; and W;;. Then

U

h

f(a:) =1 C((E) + Z vio | b; + Z wi;T; | > 0
i=1 j=1

B h
=1 |ec(x) + Z%’(l + M;(z))"' >0

=1 |c(z) [] 1+ M;(=) +ZvZH1+M >0

i€[h] =1 j#i

Let Py = c()][]iep (1 + Mi(z)) + Z?:l v; [[;2(1 + Mj(x)) be a polynomial in variables
B;, Wij, co,uj,v; with deg(P,) < h(n+ 1)+ 1. To preserve the architecture, substitute W;; =1 for
absent bottom wires and u; = 0 or v; = 0 for absent output wires, we don’t treat these entries as
free variables.

Let €, = 2f(xz) — 1, and let Sy be the set of parameters where the model classifies the input
correctly. Thus

Sf = {(Co,Uj,Ui,Bi, W’U) : 6$Pw > 0 for every r € {0, 1}”, Bi,WZ‘j > 0} .

We further restrict Sy by fixing the signs of W;; —1, u;, and v; on the nonzero wires to their original
signs. The parameters obtained after shifting cy satisfy these inequalities, so Sy # &. Subsequently,
this is a nonempty open semi-algebraic set in k < h(n + 2) + n + 1 variables, with each defining
polynomial of degree at most d = h(n + 1) + 1. After expanding P,, every coefficient is either 0 or
1. Hence the signed constraints have coefficients in {—1,0,1} and coefficient bit size O(1).

By Theorem 6.2, Sy contains a rational point (éo,ﬂj,f}i,Bi, Ww) whose coordinates have nu-
merator and denominator bit lengths at most L < d°%)  Since B;, Wi;; are positive, it implies that
2L < Bl, W” < 2L, Then we know that the circuit N with the architecture of N and parameters

Co, Uy, Vs, bi = —In Bz, w;; = —In Wz] computes f with output threshold 1/2, where
‘Bi’a || < LIn2 = 4Ok

That is, the bottom layer weights are bounded by d°®*).

We may normalize the top layer weights ¢y, i, ; by dividing them by their maximum magnitude
M := max(|éo|, max;ep, |G|, max;ep [6:]). As Py is linear in (¢, @y, 9;), dividing by M > 0
preserves every sign, and the top layer weights become at most 1 in magnitude. Hence every
parameter is bounded by

dO(k) _ (h(n + 1) + 1)O(h(n+2)+1) _ 2O(hnlog(hn))‘

This completes the proof. O

6.2 Lower Bounds for Depth-2 Circuits

We next prove an Q(n/logn) gate lower bound for depth-two sigmoidal circuits computing the
selection function. For depth-2 circuits with sigmoid gates and discrete inputs, better VC dimen-
sion upper bounds are known. We use these to obtain a lower bound on the gate complexity of
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neural networks with sigmoids computing an explicit Boolean function using ideas from [Ko0i96].
Throughout this section, we follow the notation and terminology of [K0i96], take logarithms in base
2, and assume for simplicity that n is a power of 2.

We define the selection Boolean function f,(Z,%) on inputs Z € {0,1}°6™ and i € {0, 1}", where
fn(Z,9) = yz is simply the Z-th entry of §. Here, we identify Z with the integer in {0,...,n — 1}
whose binary representation is #, and index the coordinates of ¥ from 0 to n — 1. For brevity, we
write f instead of f,, from now on.

The selection function defines a family F of 2" Boolean functions on {0, 1}°6™ parameterized
by 4 € {0,1}", where each fy is given by fy(Z) = f(Z,y*). As observed in [Koi96], every Boolean
function g on log n inputs belongs to F, since g is identical to fj for ™ = (¢9(0),g(1),...,g9(n—1)).
Thus F shatters {0,1}!°6" and VCdim(F) = n.

For a fixed network architecture, we can view some of its parameters (weights and biases) as
indeterminate programmable parameters, which gives rise to a family of Boolean functions as those
parameters vary over R [Ko0i96, KS97]. To bound the VC dimension of our restricted architecture,
we use a special case of [AB02, Theorem 8.3] (originally due to Goldberg and Jerrum [GJ93]).
Recall that sgn(a) =1 if @ > 0 and sgn(«) = 0 otherwise.

Theorem 6.3 (Special case of [AB02, Theorem 8.3]). Let X be a set and let p : R x X — R be
such that, for every fized ¥ € X, the map @ — p(d, ) is a polynomial of degree at most l. Then
the class H = {Z — 1[p(@,Z) > 0] : @ € R%} satisfies VCdim(H) < 2dlog(121).

[AB02, Theorem 8.3] is stated for sgn(p(@,Z)) (and more generally for fixed Boolean combi-
nations of k such classes, with bound 2dlog(12kl)). The strict inequality version above follows
immediately by applying their theorem to —p, since I[p > 0] = 1 — sgn(—p) and replacing every
function h € H with 1 — h does not change the VC dimension of the class.

We now upper bound the VC dimension of depth-2 sigmoid architectures whose programmable
parameters are restricted to the biases.

Lemma 6.4. Let C be a depth-2 sigmoid circuit with s gates in which all weights are fized real
numbers and every gate other than the output gate takes only input coordinates as inputs. For each
bias vector t = (t1,...,ts) € R®, let Cy denote the circuit obtained by assigning the bias t; to the
i-th gate. For any fived threshold § € (0,1), the class H = {hy : t € R°} of Boolean functions
hi{%) = 1[CHZ) > 0] satisfies

VCdim(H) < 2slog(12s).

The same bound holds if the output gate is a linear threshold gate instead of a sigmoid gate.

Proof. Number the gates so that gates 1,...,s — 1 are in the first layer and gate s is the output

gate. Let w; be the weight vector of gate i < s, let v1,...,vs_1 € R be the weights on the wires

from gates 1,...,s — 1 to the output gate, and let & be the vector of weights on the direct wires

from the input coordinates to the output gate (wires not present in C' are assigned weight zero).
Fix an input Z. For each ¢ < s, the output of gate ¢ is

1 1

Tredich — 17 ,  where ¢; ;= e """ > 0and a; :=e " >0,
e~ iteT C;a;

o(W; - Z+1t;) =

so that ¢; depends on Z but not on ¢. The preactivation of the output gate is therefore

- Vi .
2(Z,1) = Z zc»a,- +U-T+ts. (18)
i<s 1Y

1+
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Since o is strictly increasing, CAZ) = o(2(Z,t)) > 6 holds if and only if z(%,f) > 7, where
7:=0"1(0) =In(6/(1—0)). (For a linear threshold output gate, simply take 7 to be its threshold.)
Multiplying (18) by the strictly positive quantity [[; (1 + ¢ja;) > 0, the condition 2(2,1) > 7 is
equivalent to p(aq,...,as—1,ts; ) > 0, where

play,...,as—1,ts; %) = Zvi H(l +cjaj) +(U-Z+ts—7) H(l + cja;).
i<s Jj<s 7<s
J#
For each fixed 7, p(g; Z) is a polynomial of degree at most s in the s real variables b =
(a1,...,as—1,ts), with coefficients depending only on Z and the fixed weights of C. Setting
b=(e™,... et t,) € R® shows that every hy € H is of the form Z I[p(b; 7] > 0]. Thus H is
a subclass of the class in Theorem 6.3 with d = = s, which yields VCdim(H) < 2slog(12s). O

We now combine Lemma 6.4 with Koiran’s method [Koi96] to derive the gate complexity lower
bound for computing f,.

Theorem 6.5. Let C be an arbitrary depth-2 sigmoid circuit (with no restriction on the weights)
that computes the selection Boolean function f, with zero separation. Then the number m of gates
in C satisfies n < 2mlog(12m); in particular, m = Q(n/logn).

Proof. Gates that lie on no directed path to the output gate can be deleted without changing the
function computed, so we may assume C' has none; since C' has depth 2, every gate other than the
output gate takes only input coordinates as inputs. Zero separation means that there is a threshold
0 € [0, 1] such that C(Z,7) > 6 whenever f,,(Z,¥) = 1 and C(Z, %) < 0 whenever f,(Z,7) = 0. Since
o takes values in (0, 1) and f, is not constant, we necessarily have 6 € (0,1).

Let gates 1,...,m — 1 be the first-layer gates and gate m be the output gate. In C(&,7),
each first-layer gate i < m computes o(w; - & + Bi - ¥ + 7i), and the output gate m computes
a(ZKm Vigi + T T+ B - T+ wm), where g¢; is the output of gate i. Fixing ¥ = y* € {0,1}"
simply replaces each bias v; with ¢; = ~; + 51 -7 while keeping all weights w;, v;, 4 fixed. Thus, the
resulting circuit C¥" on input & € {0, 1}1°8™ is precisely the circuit Crof Lemma 6.4 (with s = m).

Consequently, every function fj- € F belongs to the class H of Lemma 6.4 (with s = m and
threshold #), meaning F C H. Since VCdim(F) = n, Lemma 6.4 gives

n = VCdim(F) < VCdim(H) < 2mlog(12m),

which implies m = Q(n/logn). O

6.3 A Sublinear Upper Bound for IP Mod 2

Inner product mod 2 (we refer to as IP2) is a classical circuit lower bound target. Given inputs
z,y € {0,1}", I P, computes Zie[n] x;y; mod 2. For both Threshold gate circuits and ReLLU gate
circuits, IP2 requires (n) gates to compute, under unrestricted weights (Due to [ROS94] and
[VRPS21] respectively).

However, we prove a surprising upper bound for Sigmoid circuits computing the Inner Product
Mod 2 function: IP2(Z,¥) := (#,9) mod 2. Let n be the length of # (and %), i.e., 2n be the input
length.
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Theorem 1.7 (see Section 6.3). IP2 can be computed by an unrestricted-weight sigmoidal circuit

with O(yv/nlogn) gates.

The construction built on a bit-decoding technique due to Koiran [Ko0i96], and an observation
from [DS96] that multiplication can be approximately computed from a linear combination of
Sigmoid. We first explain these two tricks.

Let o(z) := Sigmoid(x). The following lemma (implicit in [DS96]) shows how to compute
multiplication of two real numbers approximately using a linear combination of four o-units.

Lemma 6.6. Fizt € R. Suppose |x|,|y| < e, then the 4 gate construction
pP=clt+z+y)—olt+z)—oclt+y)+ot)

satisfies p' — o’ (t)zy = O(e?).

Proof. Writing o(x +t) = o(t) + zo’(t) + %U”(t) + O(23). Calculating directly:

p=oct+x+y)—olt+z)—ot+y)+ot)

(z+y)—z—y)d' )+ " (t) ((z+y)* =22 —y°) + O(e?)

2
7
t
= 02( ) 2y + O(%)
= o (t)zy + O(e3).
Thus taking the difference we obtain p’ — o (t)zy = O(e?). O

Applying the lemma after scaling arbitrarily large x, y results in the following corollary showing
that for any pair of reals x, y, we can approximate xy up to arbitrary accuracy using Sigmoid gates.

Corollary 6.7. Suppose z,y € R, max(|z|, |y|) < M, h > 0, the 4 gate construction

o(t+ hx+hy) —o(t + hx) —o(t + hy) +o(t)
0'”(t)h2

Qt,h(fU, Z/) =

satisfies |Qun(w,y) — zy| < O(RM?3), where the constant scales with 1/a”(t).
Proof. Writing p = o(t), we have
0" (u) = p(1 = p)(1 — 6p + 6p°),

we can see that o”/(t) < 1 for all t.
Expanding the difference as an integral we get

a b
a(t+a+b)—a(t+a)—a(t+b)+a(t):/ / o"(t +u+v) dvdu.
0 0
So,

hz rhy
Qen(z,y) — vy = U"(}f)hQ /0 /0 (" (t +u+v) — 0" () dv du.
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Thus, for A > 0,

1

hz rhy pl
Qe (7, y) — wy| = A2 /0 /0 /0 o (t+ s(u+v))(u+v)dsdvdu

. Mlel phly

hlallylle +y| _ - (hM?
4lo” (1) o ()
since |u + v| < h|z + y|, thus showing our corollary. O

The above derivation only works because of the accuracy of the degree-2 Taylor approximation
to Sigmoid(x); indeed, this technique generalizes to any function v(x) that is 3 times continuously
differentiable in a neighborhood of a € R satisfying v"(a) # 0 (see, e.g., [DS96, Section 2]). This
approximation is impossible for ReLU and THR, which is why Theorem 1.7 does not generalize to
ReLU and THR circuits (in fact, near-linear lower bounds hold for both classes [ROS94, VRPS21]).

For a threshold circuit or sigmoidal circuit C(Z) with n-input and m-output, we can naturally
the function f : R™ — R™ by allowing the input to take values from R (rather than {0,1}). The
following lemma explain a bit decoding trick in [KS97].

Lemma 6.8. For every n > 1, there is a threshold circuit C : R — {0,1}" with n gates such that,
for every x € [0,1) with binary expansion x = 0.x1x2 ..., its i-th gate outputs x; for every i € [n].
Trailing digits are treated as 0s.

Proof. We construct the gates in order. Suppose G;(z) = x; for all i < d, and let

d—1
Zd = le’ - Z 2d7iGi($) =4+ Z 2d7j.il:j.

i=1 j>d

The last sum lies in [0, 1), so the threshold gate G4(z) = I[z4 > 1] outputs x4. For d = 1 the first
sum is empty, giving the base case. We used 1 gate for each digit, totaling n gates. O

By choosing large enough weights, we may simulate threshold gates by sigmoidal gates within an
arbitrarily small error (see Lemma 3.13). Thus we expect a similar statement to hold for sigmoidal
circuits.

Note that binary digits cannot be uniformly approximated on [0, 1) within error less than 1/2
by continuous sigmoid circuits. We therefore restrict to a fixed finite input set, as arises from a
circuit on Boolean inputs, and formulate the corollary below.

Corollary 6.9. Fiz a finite set T C [0,1), € > 0, and n > 1. There is an n-gate sigmoidal circuit
such that, for every x € T, its i-th gate approximates the i-th binary digit of x to within ¢, for
every i € [n].

This follows by applying the finite-input simulation argument of Lemma 3.13 to the threshold
bit decoder on T'.

Now we explain the upper bound. At a high level, we group the input into k& groups of equal size.
By encoding the input appropriately, we can compute IP2 in each group using the multiplication
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gadget in Lemma 6.6 and then decode the ¢-bit from the result p; of the multiplication for some
t = ©(nlogn/k). The key observation is that, instead of decoding for each group and then compute
the XOR, we can simply add ), p; and decode the t-th bit of that number. This leads to a square-
root saving in total circuit size by choosing k = v/nlogn.

Proof of Theorem 1.7. Suppose our input bits are (z1,22...Zn, Y1,Y2 - - - Yn). Define

I = [logy(n+1)], k= [y/nlogn]

We group the bits into k buckets, each containing at most [#] bits. Write r = [n/k] and pad each
bucket with zeroes to length r.
Consider any such bucket with input bits (zmg, Tm, - - - Tm,_,) a0d (Ymg, Ymy - - - Ym,_,)- Let

r—1 r—1
Xo= 2y, V=) 2oy, (19)
1=0 1=0

We define p = XY be the product of X and Y, so

2r—2
p=XY = Z 27! Z T Yme
7=0 0<a,c<r

a+r—1l—c=j

The coefficient for the term 20~D! is directly Zl 0 Tm;Ym;- Moreover, if 2! > r, this would imply
in the binary representation of p, the bits in the region [(r — 1)I,7l — 1] is directly the binary
representation of Z;ﬂ:_ol Zm,;Ym,, and in particular, the parity of it is the bit of p of weight 2(r=1)L
We construct the first layer using four gates for each of the k buckets, padding each bucket with
zeros to length r. Let X, Yy, pp be (19) for the basket b. Fix arbitrary ¢ with ¢”(¢) > 0 and put
M = 2", we write p; following Lemma, 6.6:
o(t+ hXy+ hYy) —o(t+ hXy) —o(t+ hY,) +o(t)

~ _ 3
Dy = (D) h2 =pp + Oc(hM?).

Choose h > 0 such that |py — pp| < i for every bucket and input. Summing up the product from
each group, we see that

2r—2

k
Z Z CjQﬂ, C’r‘—l = ixiyi, 0 S Cj S n.
b=1 i=1

Choose [ = [logy(n + 1)]. Since 0 < Cj < n < 2!, no carries occur between the base-2! digits of
P. Thus the digits from 2("—Dl to 2111 are exactly the digits of the binary representation of C,._.
And note by our choice that [pg — pg| < g we have that

’P—P|:\Zﬁd—pd\32|ﬁd—pd\S*
d d

Let L = (2r — 1)l. Since P has at most 2r — 1 base-2! digits, 0 < P < 2F. Set z = (P + 1)/2L.

Also by the error bound on P, we have that P+3/ 8 <2< P’;ii/s. Thus the first L fractional bits
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of z are the L-bit binary representation of P. The bit of P in position (r — 1)l is therefore the
L — (r — 1)l = ri-th fractional bit of z. By Corollary 6.9, applied to z with error 1/8, thresholding
the last of these rl gates at 1/2 gives IP2(z,y).

The circuit requires a total of

vl + 4k = [%W Mogy(n + 1)] + 4k

gates for a depth of [2] [logy(n + 1)] 4+ 1. Choosing k = [v/nlogn]| obtains an asymptotic gate
count of O(y/nlogn), concluding our construction. O

It is worth noting that ReLU circuits computing IP2 require a minimum of Q(n/logn) gates
[VRPS21], and threshold circuits require Q(n) gates [ROS94]; thus our result shows a separation
between Sigmoid circuits and ReLU circuits.

Upper bound for slightly super-constant depth. It is worth noting that if we adjust our
block sizes according to our allocated depth and decode in parallel, we obtain the following theorem.

Theorem 6.10 (Sublinear gate for growing depth). For any unbounded increasing d : N — N,
there exists a set of Sigmoid circuits S computing IP2 on n coordinates with depth at most d(n)
such that the asymptotic gates of S; is o(n).

Proof. Write D = d(n) > 4 and choose

mzwmy B:m

m

Divide the input into B blocks of size m, padding the final block, we run theorem 1.7 algorithm
on each block b in parallel, denoted as the decoder algorithm of block b. A block b requires [ >
[logy(m + 1)], where [ denotes the exponent of 2 in the multiplication expansion. Divide the bits
in this block into r = [\/?1 groups for multiplication. This means that this block requires a total
gate count of

Gy =3[m/r]| +rl=0(m/r +rl)

gates, and a depth of 1 +rl <1+ vVml + .
Let pp be the parity of IP2 on the inputs to that block. As the algorithm in theorem 1.7 can
compute p, up to arbitrary accuracy, we assume the output Fj of the decoder on block b has

N
|Fy pb|_163

Now say P = Ebe[B] pp and F = EbE[B] Fy, we have that

1

P-F <=

| < 16
Now we simply compute the parity of P = round(F') using the depth 3 circuit from theorem 4.1
thresholding at half integers instead of integers. Since F' is between 0 and B, requires a total of

B + 2 gates to output PF whose distance to the parity of P, denoted Pr has

1
PF — Prp| < —.
| F!_16
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thus we obtain a constant separation for calculating IP;.
The total gate count is

O(B(m/r +1l)) + 3 = O(nlogm/v/m) = o(n),
since m — oo as D — co. And the depth is

4+ vV'ml + 1 = O(y/min(n, D) log(min(n, D))

showing the theorem. O

7 Further Simulations between Threshold and Sigmoidal Circuits

Given that unrestricted sigmoidal circuits are very hard to analyze, we may consider an intermediate
model between polynomial weights sigmoidal circuits with noticeable separation and unrestricted
sigmoidal circuits. We now study the connection between this model and threshold circuits.

7.1 Connection to Threshold-of-Majority

One natural candidate is to assume that all weights are small, but it is allowed to compute a
function with no separation. We show that this model is strong enough to simulate THR o MAJ;
indeed, a further restricted model is equivalent to THR o MAJ. Formally:

Theorem 1.8. Let n € N be sufficiently large and s = s(n), W = W(n) > 1 be functions, and
f:4{0,1}" — {0,1} be a Boolean function. The following two statements are equivalent:

(1) f can be computed by a depth-two sigmoidal circuit of size s - poly(n, W) with no separation,
where all weights are integers in [—W, W] and all biases are real numbers in (—1,1).

(2) f can be computed by a THR o MAJ circuit of size s - poly(n, W), where the bottom MAJ gates
have weight taken from {—W,... , W}.

Moreover, the output gate of the circuit in (1) can be assumed to have weights in {£1}.

The key observation underlying (2) = (1) is that for any function f : T — R, where 7' C R is
a finite set, we can represent a small multiple of f as a sum of differences of pairs of sigmoids with
nearby biases. Formally:

Lemma 7.1. Let T' C R be a finite set. There are B1,. .., Bp| € (—1/2,1/2) such that for every v :
T — R and every sufficiently small § > 0 (depending on T and vp), there are y1,...,v € (=1,1)
satisfying

7|

Z(Sigmoid(u + ;) — Sigmoid(u + ﬂj)) =0 -Y(u) for everyuecT.
j=1
Proof. Recall that Sigmoid(u +t) = e*/(e" + e~*). The matrix (Sigmoid(u + t))yer € RITXIT] is
invertible as it is the product of two matrices:
e The diagonal matrix with entries €%, which is invertible.

e The matrix (1/(e“+e~ "))y ter. This is a Cauchy matrix over R (see, e.g., [HJ13, Section 0.9])
with lists (e“),er and (e7!);er as parameters, where both lists contain distinct elements, and
e+ et #£0. It is known that Cauchy matrices with distinct elements are invertible.
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Let 03 := (Sigmoid'(u + 5))uer € R, we show that the vectors {#3}ge(—1/2,1/2) span RT.
Suppose for contradiction that @ € RT is orthogonal to every @ for 8 € (—1/2,1/2). Let g(8) :=
> uer WuSigmoid(u + 3). Then ¢'(3) = (W, ¥is) vanishes for § € (=1/2,1/2). As ¢g/(B) is a rational
function of €, it vanishes for all 3 € R. Therefore, g is a constant, which must be 0 as g(3) — 0
when 8 — —oo. In particular, g(¢t) = 0 for every ¢t € T, and thus @ = 0 by the invertibility of the
matrix (Sigmoid(u + t))y ter € RITXIT

Fix Bi,..., 87 such that the vectors for § = (; form a basis. Consider the continuously
differentiable vector-valued function F : RITl — RT defined by

7|

F(if)u :="»_(Sigmoid(u + 8; + 1;) — Sigmoid(u + 3;)).
j=1

Then F(0) = 0, and the Jacobian matrix of F at 0 is the matrix (Sigmoid’(u + Bj)uer je[r|), Which
we have proved to be invertible.

Subsequently, by the inverse function theorem (see, e.g., [Rud76, Theorem 9.24]), there are
neighborhoods V, W of 0 such that F : V — W has a continuous inverse F~1 : W — V. Then for
every sufficiently small § > 0, there is 77 satisfying that F(77) = d¢ and ||7]|cc < 1/2. The lemma
then holds by setting v; := 3; + n;. O

Proof of Theorem 1.8. (1) = (2): Assume that f can be computed by a depth-two sigmoidal circuit
of size h := s - poly(n, W) with no separation, where weights are integers from [—W, W]. Each gate
in the bottom layer is of form Sigmoid 3(Z) := Sigmoid((w, Z) + ). As & € {0,1}", (w0, ¥) takes
values in T := {—nW,... ,nW}, and subsequently Sigmoid; 3 can be exactly simulated by a linear
combination of the 2nW + 1 functions I[(&,Z) = t], t € T, each of which is the difference of the
two MAJ gates I[(w, Z) > t] and I[(W, Z) >t + 1].

We can also replace the top Sigmoid gate by a THR gate, since Sigmoid is monotone, and the
original circuit computes f with no separation. The resulting THR o MAJ circuit also computes f,
and is of size at most 2(2nW + 1) - h = s - poly(n, W).

(2)=(1): Let K :==nW and T := {—K,..., K}. Now assume that f(Z) =1I[> ;" ;G;(Z) > 6],
m < s - poly(n, W), where each G;(Z) = I[(@;, ©) > b;] is a MAJ gate with a; € {-W,...,W}"™. By
slightly decreasing 6 € R, we may assume that ) ., o;G;(Z) # 0 for every Z. As (d;,Z) € T, we can
apply Lemma 7.1 to the function 9;(u) := a; - I[u > b;] to obtain biases B;1,...,5; 7 € (—=1,1)

such that for every sufficiently small § > 0, there are fyi(i), e "71'((?)T| € (—1,1) such that

T
bai - Gy(7) = Y (Sigmoid((@;, ) + 1)) — Sigmoid({d;, T) + f: 7))
j=1

for every ¥ € {0,1}". For § > 0, let

m |7 m
S5(@) =D (Sigmoid((a@;, @) +7,7)) — Sigmoid((@, Z) + f;;)) = > _ 6c; - Gy(Z).
i=1 j=1 i=1
As {0,1}" is finite and ), a;G;(Z) # 6 for every &, we can fix a small § > 0 such that |[§6] < 1 and
for every Z € {0,1}", S5(&) — 060 > 0 if and only if f(Z) = 1. Hence the depth-two sigmoidal circuit
C(&) := Sigmoid(Ss(Z) — d6) satisfies C(Z) > 1/2 if f(&¥) =1 and C(Z) < 1/2 otherwise.
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Finally, C' has 2m(2nW + 1) + 1 = s - poly(n, W) gates. Its bottom gates have weights @; €
{=W,...,W}™ and biases in (—1,1); its output gate has weights £1 and bias in (—1,1). O

By applying the same argument, we may simulate THR o MAJ? by depth-(d + 1) sigmoidal
circuits with small integer weights and small biases for any d > 1.

Theorem 7.2. Let d > 1 and W € N. Suppose that f : {0,1}" — {0,1} is computed by a
THR o MAJ? circuit C of size s in which the MAJ gates have integer weights in [-W,W]. Then f
is computed with no separation by a depth-(d + 1) sigmoidal circuit of size poly(n, s, W) in which
all gates have integer weights in [—W, W] and biases in (—1,1).

Proof. Without loss of generality, we assume C' is layered, i.e., every gate reads from the previous
layer. For a gate H in layer ¢ € [d] of C, write H(Z) = I[(d,Z) > b] if £ = 1 and H(Z) =
I[>°; ciH;(Z) > b if ¢ > 2, where Hy, ..., H, are the inputs of H. Let vy (&) be the integer (@, &) for
¢=1,o0r ), ciH;(Z) for £ > 2. Then H = ¢ o vy, where ¢ (v) := I[[v > b] is a Boolean function
onTy:={—-Ky,..., Ky}, with Ky = (n+s)W.

Let 61 := 1 and 62,...,d411 > 0 be sufficiently small parameters. For every gate H in layer
¢ and every 3 € (—1,1), we will construct a sigmoid gate Sg 3 in layer ¢ of the sigmoidal circuit
that outputs exactly Sigmoid(83 + dpvr (Z)). For £ =1, let Sy g := Sigmoid((d, &) + (). For £ > 2,
assume that such gates have been constructed for depth ¢ — 1, we apply Lemma 7.1 to the set
d¢—1Ty—1 and the functions ¢;(dy—1v) := ci¢m,(v),i € [r]. Then for any sufficiently small d;, there
are 3,7 € (—1,1) such that

r |To—1] r
S (St (@) = Sn, (8)) = 00 3 (G- 1vm, (7)) = deo ().
i=1 j=1 i=1

We define Sy g(Z) as the sigmoid of the LHS plus 5. Note that we may assume 6, is small
enough so such f;,7;; € (—1,1) exist for all gates in layer £. Let G be the output gate of C' that
outputs G(Z) = I[>, o Hi(Z) > 6] with real oy, 0. The final sigmoidal circuit outputs Sgo(Z) =
Sigmoid(04+1 (D> axHyk(Z) — 0)). Assuming without loss of generality that ), apHy(Z) # 6 for
every Z, the circuit computes f with no separation.

The weights and biases are as claimed by construction. Let w = poly(n, s) be the total number
of wires in C'. For each wire that connects the gate H in layer ¢ < d to the upper layer, we use 2|Ty|
sigmoidal gates of form Sy 5. and Sy -, ;. So the final circuit is of size at most O(max [T|-(s+w)) =
poly(n, s, W). O

7.2 Connection to Threshold Circuits

Using a slightly different approach, we can simulate THR o THR using Sigmoid o Sigmoid with the
restriction that the top Sigmoid gate has small weights.

Theorem 1.9. Suppose that f : {0,1}" — {0,1} is computed by a THR o THR circuit of size s.
Then f is computed with no separation by a depth-two sigmoidal circuit of size s - poly(n) whose
output gate has weights in {£1}.

Proof. Assume without loss of generality that the output gate is not fed directly by input variables.
Write f(Z) = I[>_", a;Gi(Z) > 0], where Gi,...,Gp (m < n+s) are the THR gates. By slightly
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decreasing 0, we may assume that ) . 0;G;(Z) # 0 for every . Each gate G; can be written as
a disjoint OR, and therefore a sum, of at most p = poly(n) ETHR gates [HP10, Theorem 7](by
padding with the constant ETHR gate I[1 = 0], we may assume that there are exactly p of them).
Denote G;(Z) = ?:1 I[L; j(Z) = 0], where each L;; is an affine function with integer coefficients.
Hence f(Z) = I[P(Z) > 0], where

satisfies that P(Z) # 0 for every & € {0,1}".

Recall that Sigmoid'(u) = Sigmoid(u)Sigmoid(—u) < e~1*/. Then the function Sigmoid’(A\L; ; (%))
equals Sigmoid'(0) = 1/4 if L; ;(¥) = 0, and is at most e * otherwise (since L;; has integer
coefficients). In other words, 4 - Sigmoid'(AL; j(Z)) converges to the ETHR gate I[L; ;(Z) = 0] as
A — oo. For \,6 > 0, let

Drs(® =3 (Sigmoid(ALi,j(f) +4day) — Sigmoid()\Li,j(f))> 50 (20)

@
I
—
<.
I
_

P\(Z) == 42% ) " Sigmoid'(AL; ;()) — 6. (21)

By the definition of the derivative, lims_,o+ Dy 5(Z)/6 = Py\(Z) for every X and Z. By the discussion
above, limy_, o, P\(¥) = P(Z) for every &.

As {0,1}"™ is finite and P(Z) # 0, we can fix a large enough A such that Py(Z) has the sign
of P(Z) for every &, then a small enough 0 such that D) ;5(Z) has the sign of P\(Z) for every &.
Hence the depth-two sigmoidal circuit C(Z) := Sigmoid(D, (%)) satisfies C'(Z) > 1/2 if f(Z) =1
and C(Z) < 1/2 otherwise. The circuit C has 2pm +1 < 2(n+ s)p+ 1 = s - poly(n) gates. Its
output gate has weights +1 and bias —d6. O

Combined with the simulation of threshold circuits with sigmoidal circuits in Lemma 3.13, we
can generalize this simulation to larger depth.

Theorem 7.3. Let d > 1. Suppose that f: {0,1}"™ — {0,1} is computed by a depth-(d + 1) circuit
C of size s consisting of THR gates. Then f is computed with no separation by a depth-(d + 1)
sigmoidal circuit of size poly(n, s), where the output gate has weights in {+1}.

Proof Sketch. Without loss of generality assume that the circuit is layered. The proof is almost
identical to that of Theorem 1.9 with two changes. First, we write each gate G; at depth d as
a sum of ETHR gates, and then simulate each exact threshold gate using the difference of two
sigmoids; see (20). Using this method, we can replace the top two layers by two layers of sigmoid
gates, where the output gate has weights in {41}. Second, the first d — 1 layers of C' are simulated
approximately. By perturbing the biases, we may assume that the linear form of every gate in C
is nonzero on every input. For each threshold gate H : Z'+— I[(W, Z) + 8 > 0], we replace it with a
sigmoidal gate
SH,)\O (2) := Sigmoid (Ao (W, 2) + Ao ).

Note that limy, 00 SH),(Z) = H(Z) (this is similar to the standard simulation in Lemma 3.13).
We replace each gate in the first d — 1 layer by Sy ),, where Ao will be determined later. For each
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gate H in the d — 1 layer, we use H(Z) to denote the subcircuit at H in the original circuit, and
S H )\ (Z) to denote the subcircuit at Sp ), after the transformation. We can see by induction on
the layers that for every input @ € {0,1}", limy, 500 S (%) = H(T).

Let Dy 5(2) and Py(Z) be the functions as in (20) and (21) to approximate the top two layers,
where 2 € {0, l}é denotes the input of the top two layers, i.e., the outputs of the gates in layer
d—1. Let Hy,...,Hy be the gates in layer d — 1. The final circuit is of form

C() := Sigmoid ( Das(Sm 20(@), > 1,20 (3)).

Let Z = 2(%) := (Hy(Z),..., Hy(%)). Fix A and § as before, so that sgn(Dj s(?)) = sgn(P(%)) for
every 7 € {0,1}¢, where sgn(P(Z(%))) = f(&) for every & € {0,1}". As D, is continuous and
{0,1}" is finite, we can then fix a large enough A\g € R such that the approximation error between
SH, (%) and H; (&) in the first d— 1 layers does not change the sign of D) 5(Z) for every @ € {0,1}".
Subsequently, C(Z) computes f(&) with no separation, and C' has poly(n, s) gates. O
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A Further Related Work

ReLUs, RBMs, and piece-wise polynomial activations. Martens, Chattopadhyay, Pitassi,
and Zemel [MCPZ13] studied the representational efficiency of Restricted Boltzmann Machines
(RBMs) [HS86], characterizing the RBM free energy as a depth-2 network of “softplus” (In(1+e¥))
units with unit output weights and relating it to “hardplus” (ReLU) networks and threshold cir-
cuits. While they showed that size-O(n?) RBMs can represent any symmetric distribution, they
proved 224" size lower bounds for computing IP2,, assuming weights are polynomially bounded.
Similarly, Maass [Maa97a] showed that for networks with piece-wise polynomial activations, poly-
nomial rational weights suffice up to a polynomial size overhead.

In the unbounded-weight regime, Vardi, Reichman, Pitassi, and Shamir [VRPS21] (see also
[VS20]) proved an Q(n/logn) gate lower bound for constant-depth ReLU networks computing
IP2,,, contrasting with our O(y/nlogn) sigmoidal upper bound (Theorem 1.7).

For functions with real-valued inputs, Maass [Maa97b| established a stronger Q(n) gate lower
bound against unrestricted sigmoidal networks of arbitrary depth (with zero separation, and even
allowing a mix of sigmoidal and threshold gates) computing the Element Distinctness function
ED,, : (RT)™ — {0,1}, which outputs 1 if z; = x; for some ¢ # j and 0 if |z; — x| > 1 for all
i # j. Crucially, Maass’s proof exploits the continuous input domain (R™)™ to scale the first input
coordinate by a single programmable multiplier A € RT, allowing a network with k gates to shatter
every subset S C R of size n— 1 using k+ 1 programmable parameters; invoking Sontag’s (2w +1)
upper bound [Son97] on the “Sontag dimension” (the maximum d such that all sets of d points in
general position are shattered by w parameters) immediately yields k& > (n — 4)/2.

Because this scaling and general-position argument requires continuous inputs, the best known
gate lower bound for Boolean-input functions against unrestricted sigmoidal circuits of general
depth remains Q(n'/*) [Ko0i96].

Size lower bounds for neural networks with continuous inputs and outputs are known. These ap-
ply for a variety of activation functions including signoids. Eldan and Shamir [ES16] provide a con-
struction of a function that can be approximated in the £>-norm by a depth 3 network but requires
exponential size to be approximated by a depth-2 network. Safran, Reichman and Valiant [SRV24]
prove a linear size lower bounds for neural networks approximating the maximum function: their
lower bound holds regardless of the depth of the network and includes sigmoidal networks. These
lower bounds rely on the continuity of the domain in essential ways [SRV25] and do not imply size
lower bounds for sigmooidal networks computing Boolean functions.

Communication complexity. Communication complexity [KN97] is a standard tool for depth-
2 threshold circuit lower bounds, yielding ©(n) gate lower bounds for IP2,, against THR o THR
[Nis93, ROS94] and 29" lower bounds against MAJ o THR [Raz92, HMP*93] and THR o MAJ
[FKL*01, For02, LSS08, Shel3, ACHS24]. While real communication complexity has been studied
in connection with analog networks [Koi96], it does not directly yield gate lower bounds for Boolean-
input sigmoidal circuits with unrestricted weights, since a single real-valued gate output can encode
Q(n) bits of information (as each boolean input could have a different output, communicating one
output out of 2" would require n bits).
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B Missing Proofs

B.1 Proof of the Parameter Compression Lemma

Lemma 5.13 (Parameter compression). Let m > 1, ¢ € (0,1), & € R™, and b € R. Then there

are W € R™ and V' € R, whose entries have absolute values at most (m + 1)!-1In(3/e), such that
for every Z € {0,1}™, |Sigmoid((, Z) + b) — Sigmoid((@’, Z) + V)| < e.

Proof. Let g(Z) := Sigmoid((w, 2) 4+ b) and B := [1/e] + 1, so that 1/B < ¢ and B < 3/e. For
every Z € {0,1}™, pick j> € {0,1,..., B — 1} such that g(2) € [jz/B, (j>+ 1)/B]. As Sigmoid is
increasing, Sigmoid({(w’, Z) + ') lies in the same interval if and only if

Sigmoid ' (jz/B) < (', %) + b < Sigmoid " ((jz+ 1)/B).

where for the boundary cases, the left (resp. right) inequality is dropped if jz = 0 (resp. jz = B—1).
As Sigmoid ™! (y) = In(y/(1 — y)), these bounds have absolute values at most In(B — 1).

Let P C R™*! be the set of (', b') satisfying all these inequalities, and in addition having every
coordinate of the same sign as the corresponding coordinate of (), b) (e.g., w; > 0 if w; > 0, and
w; < 0 otherwise). Then P is a polyhedron that contains (@, b). Because of the sign constraints,
P contains no line, so it has a vertex. Each defining inequality of P has the form (@, (@,b")) < ¢
with @ € {0, £1}™! and |¢| < In(B — 1), and each vertex is the unique solution of m + 1 linearly
independent such inequalities taken with equality. Fix (@’,b’) to be any vertex, and write the
corresponding m + 1 tight inequalities as A% = & where @ := («@',b'), A € {0, £1}mHDx(m+1)
is invertible, and every entry of ¢ has absolute value at most In(B — 1). By Cramer’s rule, u; =
det(A;)/ det(A), where A; is obtained from A by replacing its i-th column with ¢ Here det(A) is
a nonzero integer. Moreover, by expanding det(A;) along its i-th column, we know that

m+1
[det(A;)] < D el m! < (m+1)!-In(B-1) < (m+1)!-In(3/e),

r=1

where the second inequality follows from the fact that every m xm minor of A has entries in {0, +1}
and hence absolute value at most m!. Therefore, for every Z, both g(Z) and Sigmoid((«', 2) 4+ V') lie
in an interval of length 1/B < ¢. O

B.2 Proof of the Restriction Lemma

Lemma B.1 (implied by [KKL17, Lemma 1.6]). Let f(Z) = sgn(p(Z)), where p(Z) is a degree-d
multilinear polynomial. Then for every 0 < § < 1/16 and m < n/16,

Pﬁ [f]p is not d-almost a constant] < (v/m/n+0) - (log(n/m) - log 5*1)O(d2).
p—RKm

Recall that a Boolean function is said to be d-almost a constant if for some b € {0,1}, all but a
d fraction of input evaluates to b. We say that a polynomial p(Z) is d-almost, e-concentrated within
[a, b] if there exists z € [a, b] such that all but a § fraction of input Z, |p(Z) — z| < e. The following
lemma is a simple corollary of the restriction lemma.
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Lemma B.2. For any degree-d multilinear polynomial p(Z) with n variables, m < n/16, 6 € (0,1)
with 6 < y/m/n, € > 0, a,b € R such that b —a > &, over a random restriction p < R, with

probability |
1-0 (\/W% (b — a)e™ " (log(n/m) - log((b — a)8—15_1))0(d )) 7

at least one of the following three conditions holds:

e p|,(2) <a for all but 6-fraction of Z € {0,1}™,

e p|,(2) > b for all but 6-fraction of Z € {0,1}™,

e p|, is 0-almost e-concentrated within [a,b.
Proof. Set N :=[(b—a)/e], ¢’ := (b—a)/N € [¢/2,¢], and 7; := a+ie’ fori =0,1,...,N,s079 = a
and 7y = b. We adopt the convention sgn(z) =1 if x > 0 and sgn(x) = 0 otherwise. For each i, let
9i(Z) := sgn(p(Z) — 7;), the sign of a degree-d multilinear polynomial. Let ¢’ be a parameter to be
determined later.

Applying Lemma B.1 to each ¢g; and by union bound, with probability at least

1= (N +1)- (v/m/n+ &) (log(n/m) - log(s'~1))**", (22)
every g;|, is 0’-almost a constant; that is, for each i there exists ¢; € {0,1} such that the set
B; = {56 {0, 1}m : g,]p(é') 75 Ci} has |Bz‘/2m < 5.

Condition on this event. Let B := Ui]\io B, where |B|/2™ < (N+1)¢'. We set ¢’ := min{d/(N+
1),1/16} so |B|/2™ < ¢, and Lemma B.1 applies as ¢’ < 1/16. In particular, there exists a zy ¢ B.
Subsequently, the tuple (co, ..., cy) is non-increasing: assume not, i.e., ¢; = 0 but ¢;41 = 1, we will
have

9ilp(Z0) = ¢i =0, git1lp(Z0) = ciy1 =1, (by % ¢ B)
which is impossible by the definition of g;’s. Let i* € {—1,0,..., N} be the index of the last 1 in
(co,...,cn) (with ¢* = —1 if all entries are 0). If * = —1, then p|,(2) < 70 = a for every 7 ¢ B,
satisfying the first bullet. If i* = N, then p|,(2) > 7n = b for every Z ¢ B, satisfying the second
bullet. Otherwise i* € {0,...,N — 1}, 73+ < p|,(2) < 7+41 for any 2 ¢ B, satisfying the third
bullet. It then follows by invoking the parameters to Equation (22), using ¢’ < § < \/m/n so that

vm/n+4§ <2y/m/n. O

Lemma 5.22. For any degree-d multilinear polynomial p(Z) with n variables, t > 2, k > 1,
m < n/16, § € (0,1/16) with § < y/m/n, over a random restriction p < R, with probability at

least )

(N/ Jn - kt - (log(n/m) - log(tk/3)) " ))
there is a degree-(dk) polynomial q : R™ — R such that PSigmoid,|,,q : {0,1}"" — R are §-almost
t~ D close to each other.

Proof. Apply Lemma B.2 to p with interval [—(k + 1)Int, (k+ 1)Int], € := 1/¢, and 0 := §. Over
p < Ry, with probability at least

(m thnt - (log(n/m) - log(tklnt'5*1))o(d2)>
>1-0 (\/7 kt - (log(n/m) - 1og(tk/5))0<d2>),

at least one of the three conditions of Lemma B.2 holds. We show that in each case, PSigmoid,|,
admits a degree-(dk) polynomial ¢ : R™ — R that is d-almost ¢t~ *+1)_close.
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o (Case 1.) Su ppose p]p(*) < —(k 4+ 1)Int for all but o-fraction of z € {0,1}™. Then
Slgm0|d(p\p( 7)) < e~ (kD Int — 4=(k+1) for these Z. It suffices to choose the constant polyno-
mial ¢(2) =0

e (Case 2.) Slmﬂarly, it suffices to choose the constant polynomial ¢(2) := 1.

e (Case 3.) Suppose pl|, is d-almost (1/t)-concentrated within [—(k + 1)Int¢, (k + 1)Int], i.e
there exists p € [—(k + 1)Int, (k + 1) Int] such that |p|,(Z) — p| < 1/t for all but J-fraction
of Z € {0,1}™. Let gr be the degree-k Taylor approximation of Sigmoid at u; by Taylor’s
theorem and Corollary 5.3, [Sigmoid(y) — qr(y)| < (2/7)¥* 1y — p/F+! < t~*+D whenever
|y — p| < 1/t. Therefore, the degree-dk polynomial ¢(2) := qr(p|,(Z)) satisfies the condition.

This completes the proof. O

B.3 Rational Approximation of Sigmoid

In this subsection, we prove Lemma 4.5. We will need Newman’s theorem on the rational approxi-
mation of the absolute value function |y|.

Theorem B.3 (Newman’s theorem [New64]; see also [PP87, Section 4.1)). There is an absolute
constant Cn such that for every integer n > 1, there is a rational function Ny of degree at most n
with ‘Nn(y) - |yH < Cne V™ forally € [—1,1].

Similar to [PS94, Corollary 3], we need an approximation of the sign function via rational
functions when the input is bounded away from 0. Formally:

Proposition B.4 (Approximate sign function). For every B > 2 andn € (0, 1), there is a rational
function S of degree O(In*(B/n)) with no pole in [—B, B] such that for every y € [~B, B], S(y) €
[=n, 1+ n]; moreover, S(y) € [L —n,1+n] ify > 1, and S(y) € [-n,n] if y < —1.

Prof. Let o= IWP(CN(E + D/(@n)) = OUP(B/) wad Ny o= (B 1) Moy + 1)
where N, is the rational function of Theorem B.3. Then |N(y) — |y|| < Cn(B + 1)e~ Vi < 9y for
ly| < B + 1; in particular, N has no pole on [-B — 1, B + 1]. Define

1 Ny+1)-Ny-1)

a rational function of degree at most 2n. For y € [—B, B], we have |y + 1| < B+ 1, and hence S(y)
approximates within an error of 1 the function % + w, which equals 1 for y > 1, equals 0

for y < —1, and lies in [0, 1] for all y. O

We are now ready to prove Lemma 4.5, restated below. It follows essentially the proof of
[SRK94, Theorem 10]; for completeness, we provide a self-contained proof.

Lemma 4.5 (Rational approximation of Sigmoid). There is a constant Cy such that for every a > 1
and ¢ € (0,1/2], there is a rational function r of degree at most CoIn*(a/e), with no pole in [—a, ],
such that |r(x) — Sigmoid(z)| < € for every x € [—a, a].

Proof. Let n = Q(e) be a parameter to be determined, and L := O(In(1/¢)) so that ettt < 5. At
a high level, we approximate Sigmoid(z) on [—a, L] using the Taylor expansion of e~*, on (L, a] by
the constant 1; the two approximations are combined using the rational approximation of the sign
function in Proposition B.4. Note that when L > a, it suffices to use only Taylor approximation.
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Let Ty (y) = Z?;é(—y)j /7! be the degree-(k — 1) Taylor approximation of e~ ¥. It follows that
for any y € [-(L + 1), L + 1], there exists £ between 0 and y such that

" _ o @ +D*

T _e Y < e b < St

| k(y) € ‘ _6 k' _6 (k/e)k
Let k be the least odd integer with k& > 10(L + 1), so that Kk = O(L). Then the error term is at
most el (e/10)100+1) < =L+l < 5. Note that Sigmoid(z) = == and the function z — =

is 1-Lipschitz over R;. Also, since k — 1 is even, Tj(y) > 0 for all y € R. Therefore, the function
ro(xz) :=1/(1 4+ Tx(x)) is a degree-(k — 1) rational function without poles in R that approximates
Sigmoid(z) with error 7 for every x € [—(L + 1), L + 1].
Moreover, for z < —(L + 1), all terms of Tj(z) are non-negative, so Ty(z) > Tx(—(L + 1)) >
el —n. In that case, ro(z) < e+ and Sigmoid(z) < e~ U+ and thus |ro(z) —Sigmoid(x)| < 7.
Now we combine the approximations above. Let S be the rational function of Proposition B.4
with B :=a+ L and error 7, and let

r(x) :=ro(z)+ S(x—L)- (1 - 7"0(1,‘)).
For 2 € [—a,a] we have |z — L| < B, so r is a rational function of degree at most k+O(In?(B/n)) =
O(In*(a/¢)) with no pole in [—a,a]. Write Sy = S(z — L).
i SO € [_7771 +77]7
e Soe[l—nl+nife>L+1and Sye€[—n,n ifz<L-1.

For every x € [—a, a], we will show that |r(x) — Sigmoid(x)| < e by a case analysis. Note that
r(z) — Sigmoid(z) = (ro(z) — Sigmoid(x))(1 — Sp) + So(1 — Sigmoid(z)).

For the first term: if @ < L + 1, then |ro(x) — Sigmoid(z)| <nand |1 — Sp| <14 mn;if x > L+ 1,
then |ro(x) — Sigmoid(z)| < 1 (as ro(x),Sigmoid(xz) € (0,1)) and |1 — Sp| < 5. In both cases
the first term is at most n(1 + n) < 2n. For the second term: if x < L — 1, then |Sy| < n and
0 <1-Sigmoid(z) < 1;ifx > L—1, then |Sy| < 14+nand 0 < 1—Sigmoid(z) < e * < e~ (L1 < 7.
Therefore, for any x € [—a, a],

|r(z) — Sigmoid(z)| < 4n.

It then suffices to set n:=¢/4. O
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AT Methodology

Following the recommendation of “Al and TCS: The Next Six Months” white paper, we describe
the usage of Al tools in this research project in detail.

Activity AT used
Asking the research question No
Coming up with the approach No
Proof development Yes
Writing and exposition No
Checking for bugs Yes
Other supporting tasks Yes

Details. We acknowledge the use of various Generative Al tools (including Anthropic Fable 5,
Fable 5.1, Opus 5.5, GPT 5.6, and GPT 6) for brainstorming, literature research, solving sub-
problems, and composing parts of proofs; all generated contents are reviewed and edited by the
authors for clarity. Intellectual contributions of Generative Al tools are summarized below.

e The authors had a (wrong) proof sketch of a super-linear wire lower bound for parity; the idea
leads us to the results in Section 5. After that, the upper bound Theorem 4.1 (disproving our
super-linear wire lower bound) was observed by Fable 5 when authors asked it to formalize
the (wrong) proof sketch. The proof was edited extensively by the authors for clarity.

e The lower bound in Section 4.2 is first observed by GPT 5.6 Sol in interaction with authors.
The current proof (with an explicit comparison to [PS94, SRK94)) is written by the authors.

e Theorem 1.8 was observed in interaction with GPT 6 Astra. The authors constructed a
function separating Sigmoid o Sigmoid with small weights and MAJ o MAJ, and asked GPT 6
Astra to find more functions separating these classes. The authors observed that all functions
are from THR o MAJ, and after asked by the authors, GPT 6 Astra proved the equivalence
result. Theorem 1.9 was further proved by GPT 6 Astra as requested to prove similar results
for THR o THR using the same approach. The current proof is simplified and rewritten by
the authors with the help of Claude Opus 5.5 and Fable 5.1.

Most of the queries to LLMs are given in the context of an earlier draft of the paper, which we do
not attempt to describe in detail.

Other parts of the paper (e.g. Section 5 and Section 6.1) are not significantly affected by Gener-
ative Al tools. Generative Al tools (ranging from Claude Opus 4.7 to Fable 5.1, as well as GPT 5.5
to GPT 6) are also used in routine tasks (calculating the parameters with a given proof skeleton,
checking bugs, typesetting, etc) that do not constitute substantial conceptual contributions.

All Al-generated content was independently verified and edited by the authors, who take full
responsibility for the correctness of all claims and proofs in this paper.
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