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Polynomial-size hitting sets for multilinear any-order
read-once algebraic branching programs and for
set-multilinear depth-3 circuits with constant-size variable
sets

Amir Shpilka*

Abstract

In this paper we give polynomial-size hitting sets for multilinear any-order read-once oblivious alge-
braic branching programs and for depth-3 set-multilinear circuits where each variable set has constant size.
Our results also extend to the border of both classes and hold over fields of any characteristic.

The proof combines the approach of Forbes, Saptharishi and Shpilka (STOC 2014) with the recent results
of Bhardwaj and Saptharishi (2026) and of Bal and Ghosh (2026) that gave polynomial-size hitting sets for
polynomials with small partial derivative dimension.

1 Introduction

Polynomial identity testing (PIT) is the problem of deciding whether a given algebraic circuit computes the
zero polynomial. Efficient randomized algorithms follow from the polynomial identity lemma [Ore22,
DL78, Sch80, Zip79], but obtaining a deterministic polynomial-time algorithm remains a major open
problem. PIT has many algorithmic applications and is also closely connected to proving circuit lower
bounds [HS80, K104, Agr05]. We refer to the surveys [Sax(09, SY10, Sax14, DG24] for background and appli-
cations of PIT.

PIT is studied in two settings. In the white-box setting, the algorithm is given the circuit as input. In the
black-box setting, we can only evaluate the polynomial at points of our choice. Thus, giving a deterministic
black-box PIT for a class of polynomials amounts to constructing an explicit hitting set. That is, a set of
points such that every nonzero polynomial in the class is nonzero at one of them.

Due to its difficulty most research has focused on restricted models of algebraic computation. In
particular, small depth circuits received a lot of attention. One reason is that depth reduction results
imply that efficient PIT for depth-four, or even depth-three, circuits would yield PIT for general cir-
cuits [AV08, Koil2, Tav15, GKKS16]. Other natural models, such as sparse polynomials, read-once and
bounded-read formulas, and the ROABPs discussed below, have also received much attention. For a more
complete picture we refer to the surveys [Sax(09, SY10, Sax14, DG24] mentioned above and to [KST26].

The main model that we consider is that of read-once oblivious algebraic branching programs (ROABPs
for short). A width-w ROABP in the variable order X, (1),...,Xxn) computes a polynomial of the form

f(x1, %) = (Mp1) (1)) - Ma(n) (Xn(n))) 1 1/ 1)

where each M;(x{) € F[x;]"*" is a square matrix of dimension w.
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ROABPs are among the most studied algebraic models as they are the algebraic analog of read-once
oblivious Boolean branching programs, a non-uniform model that captures space-bounded randomized
algorithms. Thus, black-box PIT for ROABPs can be viewed as the algebraic analog of derandomizing RL.
Indeed, both models also influenced one another. For example, the known-order hitting set of [FS13b] is
the algebraic analog of Nisan’s pseudorandom generator [Nis92]. Similarly, ideas from the algebraic setting
have also influenced the Boolean setting: Gurjar and Volk [GV20] adapted the techniques of [AFST 18] to
obtain pseudorandom generators for read-k oblivious Boolean branching programs that read their input in
a known order. In addition to the connection to the Boolean setting, ROABPs are quite expressive. For ex-
ample, they can compute sparse polynomials, sums of products of univariates and diagonal circuits [Sax08].
Moreover, black-box PIT for set-multilinear depth-three circuits and for non-commutative ABPs reduce to
PIT for ROABPs [FS13b]. Finally, we note that Forbes and Shpilka [FS13a] showed that certain questions
concerning derandomizing a special case of the Noether normalization lemma, which was studied by Mul-
muley [Mul12], reduce to PIT for ROABPs.

Raz and Shpilka [RSO5] gave a polynomial-time white-box PIT algorithm for ROABPs. Forbes and
Shpilka [FS13b] gave quasipolynomial-size hitting sets, when the variable order is known. Later works
extended this result to the unknown order case [FS514, AGKS15], with further improvements in [GKS17,
GG20]. We also mention that [GKST17] studied sums of ROABPs and that read-k oblivious ABPs were
considered in [AFS'18]. Polynomial-size hitting sets are known only in special cases, such as constant
width in a known order [GKS17] and width two [AGKS15].

In this paper we focus on any-order ROABPs. A polynomial has an any-order ROABP of width at
most w if, for every permutation 7, it can be computed by a width-w ROABP in that order. The work
of Nisan [Nis91] on non-commutative formulas gave the following characterization for this model. A poly-
nomial f has an any-order ROABP of width w if and only if for every partition of the variables into two
sets, the matrix of coefficients of f with respect to this partition has rank at most w.

We note that even if a polynomial has a width-w any-order ROABP, it may have a different represen-
tation for each variable order 7t. Namely, the matrices M; in (1) need not give a representation when we
permute their order. A more restrictive model is that of commutative ROABPs, in which the matrices in
the computation commute. In particular, permuting the matrices gives a ROABP that computes the poly-
nomial in the permuted order. For more on the relation between any-order and commutative ROABPs
see [RT22, BT24].

Despite its apparent restrictiveness, the class of any-order ROABPs captures sums of w products of
univariate polynomials, and in particular w-sparse polynomials, and set-multilinear depth-3 circuits.

For any-order ROABPs we have stronger hitting sets than those known for general ROABPs. Forbes,
Saptharishi and Shpilka [FSS14] gave hitting sets of size poly(n,w)CUo81eW) for multilinear any-order
ROABPs.! Gurjar, Korwar and Saxena [GKS17] gave hitting sets of size (ndw)OUeglogw) “where d is an
upper bound on the individual degrees. This was later improved by Guo and Gurjar [GG20] who con-
structed hitting sets of size poly(n, w!°6!°8", d), which is polynomial when w < 2© (log(nd)/loglog(nd)),

Prior to this work, no hitting set of size polynomial in both n and w was known for any-order ROABPs,
even for multilinear polynomials.

Another important model that we consider is that of set-multilinear depth-3 circuits. In this model the
variable set is partitioned into disjoint sets X = X; U ... U Xy, and a circuit computes a polynomial of the

form:
S n

> ITus0x,

i=1j=1
where each {; ; is a homogeneous linear form in Xj. A polynomial computed by a set-multilinear circuit is
also a tensor of rank at most s, and the smallest such s is its tensor rank. This makes depth-3 set-multilinear
circuits the most natural model for computing tensors.

Depth-3 set-multilinear circuits also attracted much research. Many works focused on reconstructing

such circuits from black-box access, see [BBB™00, KS06, BSV21, PSV24, BS25, 5526]. Raz and Shpilka [RS05]

Forbes, Saptharishi and Shpilka [FSS14] used the term commutative ROABPs for the class we now call any-order ROABPs.



gave a polynomial-time white-box PIT algorithm for this model. In the black-box setting, Forbes and Sh-
pilka [FS12] constructed hitting sets of essentially optimal size for n = 2, and of quasipolynomial size for
tensors in general. Explicit quasipolynomial-size hitting sets also follow from [AS513] and from the hitting
sets for ROABPs. Indeed, replacing the variables of each Xj by distinct powers of a single new variable
turns such a circuit into an any-order ROABP of width s, so when all the sets have size at most d the re-
sults of Guo and Gurjar [GG20] give hitting sets of size poly(n, d, s©°81°83)) which is polynomial when
s < 20(og(nd)/loglog(nd)) We also note that polynomial-size hitting sets are known when the top fan-in s is
constant [SS12, GKS17].

1.1 Our result
We construct the following hitting set.

Theorem 1.1. There is an explicit construction of a set 5 C F™ of size

poly(n,w)

that hits every nonzero multilinear polynomial in n variables that is computable by width-w ROABPs in every
variable order.

We also give such a hitting set for depth-3 set-multilinear circuits whose variable sets have bounded
size.

As mentioned above, any-order ROABPs can simulate this model, but since our result for any-order
ROABPs only holds in the multilinear case and the simulation increases the individual degree we have to
treat this case separately, although the proof is nearly identical.

Theorem 1.2. Let X = X; U - - U Xy, be a partition of N variables into sets of size at most d each. There is an explicit
construction of a set H C FN of size

pOly(T‘L,S) . (d + 1)O(log(s+1)) _ poly(nlso(log(dJrl)))

that hits every nonzero polynomial computed by a depth-3 set-multilinear circuit 3_;_; TT5_; ti;(X;) with respect to
this partition.

Both theorems hold over every field of size |F| > poly(N,w), where N is the number of variables and
w = s in Theorem 1.2. If the size of F is too small then the evaluation points can be taken from an extension
field of large enough polynomial size.

We remark again that prior to our work the best constructions for these models gave hitting sets of size
poly(n, wloglegw 'q) which is polynomial only for w < 20 (log(nd)/loglog(nd)) [GG20].

Remark 1.3 (Extension to the border). We note that our proofs extend to the border as they only rely on two
properties that are preserved under borders: the polynomial respects a variable partition to sets (that can be
of size 1), that is, each of its monomials contains at most one variable from each set; and the polynomial has
small partial derivative rank with respect to any partition of the variable sets. As these properties clearly
hold in the border, our hitting sets also hit every polynomial in the closure of these classes.

1.2 Proofidea

We describe the proof of Theorem 1.1 and then explain the modification required for Theorem 1.2.

The construction is based on a combination of the technique of [FSS514] with a new observation that
enables applying the hitting set of [BS26, BG26] for polynomials with a small space of partial (or Hasse)
derivatives.

[FSS14] first constructs a small set of shifts so that the polynomial has a nonzero monomial of small
support for one of the shifts. Specifically, [FSS14, Theorem 4.1 and Lemma 4.4] shows that shifting by an
O(logw)-wise independent monomial map gives low-support rank concentration for any-order ROABPs.



Since such maps can be obtained from the Klivans-Spielman generator [KS01], this gives an explicit set
of poly(n,2°08W)) = poly(n,w) shifts. Thus, for any multilinear any-order ROABP of width w, there
is a shift in the set that after applying it the shifted polynomial has a nonzero monomial of support r <
logw? + 1. Since we will work with multilinear ROABPs, this gives a monomial of degree r (in the set-
multilinear case we have to be slightly more careful as we explain later).

We now know that there is a monomial of degree r = O(logw), but we do not want to brute-force
search over all sets of r variables. Instead, we hash the variables into r buckets (colors) using a perfect hash
family [SS90] of polynomial size.

Assume that we have picked a hash function that maps the r variables of the monomial to distinct
buckets (we may assume that we know r as it is an integer smaller than O(logw)).

To every variable x; that falls into bucket i we attach a new variable y;. That is, we replace x; by y; - x;.
The coefficient of y; - - - y, then contains our nonzero monomial, and in particular it is nonzero. Denote this
coefficient by g(x).

The main new observation is that g has partial derivative dimension at most 2"w < w?3. Moreover, every
evaluation of g is a linear combination of a small number of evaluations of f. Thus we have black-box access
to g, and we can apply the hitting sets of [BS26, BG26] depending on the characteristic of the field.

To see why g has small partial derivative dimension, we observe that g is set-multilinear in the r sets
Y1, ..., Y, where Y; contains all the variables that received color i.

Furthermore, since g is set-multilinear, differentiating g by a monomial m containing one variable from
each Y;, i € I, gives the coefficient of m in g, when viewed as a polynomial in [ J;¢; Y; over the remaining
variables. It follows that for every set I C [r], the dimension of the partial derivative space defined by
multilinear derivatives whose variables come from U;¢1Y; is at most the rank of (a submatrix of) the partial
derivative matrix of (the shifted) f with respect to the partition to the variables that were mapped to the
sets in I and the remaining ones. Thus, this dimension is at most w. Since there are at most 2" such sets we
get the 2"w upper bound on the dimension of partial derivatives.

An important remark is that our proof only holds for multilinear polynomials. For higher individual de-
gree, a nonzero monomial of small support need not contribute to the coefficient of the monomial y; - - - Y.
Extracting a coefficient involving higher powers of the y; preserves nonzeroness, but then our bound on
the partial derivative dimension no longer holds. This is also the reason that Theorem 1.2 is not a corol-
lary of Theorem 1.1: the natural transformation that replaces each set with powers of a corresponding new
variable and turns the circuit into a sum of products of univariates, results in a polynomial with individual
degrees higher than 1.

For the proof of Theorem 1.2 we first transform the set-multilinear circuit into an any-order ROABP
by mapping each variable x;; € Xj to x} It is immediate that the resulting polynomial is computed by
any-order ROABPs and has individual degree at most max; [X;|. We then use the fact that for this model
[FSS14] also gave an efficient construction of support-concentrating shifts. Once we find such a shift we
translate it back to a shift of the original variables. We note that the low support property gives a low
degree component in the original set-multilinear polynomial. Once we have that, a similar argument to the
one above shows that its partial derivative dimension is small.

1.3 Al disclosure

I used Claude Opus 5.5 and ChatGPT astra to help prepare an initial draft, polish the writing and check
the proofs. In addition, while preparing this paper, I asked ChatGPT to go over the list of submissions to
STOC 2027 at https://sigact-stoc.github.io/stoc2027/ to find papers in algebraic complexity,
and this is how I learned of [BG26].

2 Preliminaries

We give some basic definitions and known results that will be used in our proof.


https://sigact-stoc.github.io/stoc2027/

For an exponent vector & € N™, we define x* = [[; x{*, and |a| = }_; «;. We also set Supp(«x) = {i :
oy # 0}. A polynomial has individual degrees at most ¢ if every variable appears in degree at most 6. We
write [m|f for the coefficient of the monomial m in the polynomial f.

We next define the coefficient matrices of a polynomial with respect to a partition of its variables. These
matrices are also often called the partial derivative matrices of the polynomial.

Definition 2.1 (Coefficient matrices). For f € F[x] and U C [n], let Cy (f) have rows indexed by monomials
in {x; : i € U}, columns indexed by monomials in the complementary set of variables {x; : i Z U}, and entry
CU(f)ml,mz = [m1m2]f-

That is, for every two monomials m; and m; in the two variable sets, the entry in the matrix contains the

coefficient of mym, in f.

The characterization of ROABPs by Nisan [Nis91] says that f has width-w ROABPs in every order, if
and only if
rank Cy (f) <w for every U C [n]. )

We note that shifting the variables preserves the any-order width bound.

Definition 2.2. Let f = ) vqx%, where the v lie in a vector space over a field F. The span of the v is the
coefficient space of f. We say that f is degree-r concentrated if the v4 with |&| < r span its coefficient space, and
that f is {-support concentrated if the vo with | Supp(«)| < € span its coefficient space [ASS13, FSS14].

Theorem 2.3 ([FSS14, Theorem 4.1 and Lemma 4.4]). Let ¢ = [lgw?|+1and § > 1. For’ m = O(tlog, ;(5+1))
there is a poly(n, d, £)-explicit polynomial map T'(t,u) from F™ x F™ to F™, each of whose coordinates has individual
degree poly(n, 8), with the following property. For every polynomial f € F[x] of individual degree at most & that has
width-w ROABPs in every variable order, f(x + I'(t,u)) is {-support concentrated over F(t,u).

Corollary 2.4. Let £ be as in Theorem 2.3. There is an explicit set § C F™ of
poly(n,8) - (5 +1)°® = poly(n,s) - (5 4 1)°losw+1)

shifts such that, for every nonzero polynomial f of individual degree at most & that is computed by width-w ROABPs
in every variable order, there exists a € 8 for which f(x + a) has a nonzero coefficient of support less than €. In
particular, for polynomials with bounded individual degrees (5 = O(1)) the set 8 has size poly(n, w).

We also require the well-known construction of perfect hash families of Schmidt and Siegel [SS90].

Theorem 2.5 (Perfect hash families [SS90]). For 1 < e < m there is a family Py e of 20(e) log2 n maps ] — [e],
computable in time poly(n) - 20(¢), such that every e-element subset of n] is mapped injectively by some member of
the family.

The last tool that we need is hitting sets for polynomials with a small space of partial derivatives.
Definition 2.6 (Partial derivative dimension). For f € F[xy,...,xn], define

olelf

PD(f) = span {M
1 N

:aeNN}gFM.

The partial derivative dimension is dimy PD(f).

Theorem 2.7 ([BS26, Theorem 3.1]). Let I be a field of characteristic zero, R > 1, B = NR? + R. Set
B a
GNRr(t) :leta (I<i<N),
P

to be the truncation of —log(1—it). If0 # f € Flxy, ..., xn] and dim PD(f) < R, then f(Gnr(t)) 0 (mod tB).
In particular, if also deg f < e, then f(Gn,r(T)) # O for some T in any set of eB + 1 elements of F.

2We use & + 1 since we also apply the theorem for & = 1.



Over positive characteristic we work with the notion of Hasse derivative.

Definition 2.8 (Hasse derivative space). For f € F[x;,...,xn] and v € NN the Hasse derivative 62’ 't is
the coefficient of yY in f(x + y) € F[x][y]. The Hasse derivative space 05,f is the F-linear span of all Hasse
derivatives of f, including f itself.

A very recent result of Bal and Ghosh extends Theorem 2.7 to arbitrary characteristic using Hasse deriva-
tives.

Theorem 2.9 ([BG26, Theorem 1.2]). Let N, R, e be nonnegative integers and let IF be a field of arbitrary character-
istic with [F| > 2N2R*e2. There is an explicit polynomial map G = (Gy,...,Gn) : F x F — FN, computable in time
poly(N, R, e), with deg, Gi = O(NR?e) and deg, Gi = O(NR3e), such that for every f € Flxy,...,xn] of degree
at most e with dim 97, f <R,

f#£0 < f(G(z,1)) £0.

In particular, such polynomials have an explicit hitting set of size O(N?*R%e%).

Remark 2.10. If g is multilinear then ag )g = Qunless vy € {0,1}N, and for y € {0,1} the Hasse derivative
a(HY ) g equals the partial derivative 0Yg. Hence dim 0}, g = dim PD(g) for multilinear g, over any field.

We shall only apply these results to multilinear polynomials so we can speak of partial derivatives
regardless of the characteristic of the field.

3 The hitting sets

The proofs of Theorems 1.1 and 1.2 are very similar and so we state a general setting and then prove each.

Let X = X; U- - -UX;, be a partition of the N variables into disjoint sets of variables. We refer to these sets
as blocks. For a set I of blocks we write X; = UjGI Xj, and we write Cy(f) for the partial derivative matrix of
f with rows indexed by monomials in X; and columns indexed by monomials in the remaining variables.
Our argument holds for all f € F[X] that satisfy

1. Multilinear set-partitioned: f is multilinear and every monomial in it contains at most one variable
from each block.

2. Coefficient matrices of small rank: rank C(f) < w for every set I of blocks.

It is immediate to verify that both properties continue to hold if we shift the variables. We denote the class
of polynomials satisfying these properties by €.

As described in Section 1.2 we first find a shift of the variables so that f(X + a) has a nonzero monomial
of small support. In our case, we will work with multilinear polynomials so small support implies small
degree. The next step is hashing the blocks into different buckets (colors) in a way that maps the blocks of
that low degree monomial injectively. We then multiply color class j (i.e., all the variables that were mapped
to j) with a new variable y;.

So, fix a shift a € FN, an integer r > 1 and a map h : [n] — [r], which colors the blocks. Let ys, ..., yr be
new variables. We define

gan(X) = Y1y2 - yod f(a+ (Yn)X5)ims), ®3)

that is, every variable x € Xj is replaced by ax + yn(j)x, and we take the coefficient of y; - - - yr.

We now need to access the coefficient of y; - - - y~. We obtain this using standard interpolation. Let z be
a new variable. Replace each yjx; with zx;y; and then interpolate to get the degree-r term in z. This term
will contain a multilinear monomial in y of degree r and we will then interpolate (using inclusion-exclusion
as in Ryser’s formula) to get access to its coefficient. We combine both steps into one interpolation lemma
(Lemma 3.2).



We also need the following notation. Denote the shifted polynomial by F(X) and write F(X) = f(X+a) =
> . cmm, where c,,, € F. For each monomial m we define J(m) to be the set of blocks that the variables of
m belong to. Since

fla+ (YnHX5)it1) = Flyn) X)iL1)

and F is set-partitioned, every monomial m of F is multiplied by [ [;<;(m) Yn(j)- Hence

Jah = Z Cm M. (4)

m: h maps J(m) bijectively onto [r]

In particular, gq i is homogeneous of degree r, and every monomial of g4 1 contains exactly one variable
from Xy, -1 (4 for every color i € [r].

For I C [r] and b € FN, we next define the projection of b to the blocks colored I, that we denote by
bl e FN as follows:

ol — {bx, x € X; with h(j) € I, )

0, otherwise.

In other words, b™! equals b on the variables that were mapped by h to a color in the set I and zero on any
other variable. It is immediate from the definition that for any monomial m, m(b™!) equals m(b) if all the
blocks in J(m) have colors in I. If this is not the case then m(b™!) = 0.

Lemma 3.1. If F = f(X + a) has a nonzero monomial m of degree v and h is injective on J(m), then gqn 7 0.

Proof. Since f (and also F) is set-partitioned, |J(m)| = degm = r, so h maps J(m) bijectively onto [r]. By (4),
m appears in gq n with its coefficient c,, # 0. O

Lemma 3.2. Forevery b € FN,
gan(d) =121 ) (-1 "f(a+zb™"). 6)
IC[r]

Thus, for every set A C F of n+ 1 elements, if gan(b) # 0 then f(a + Ab™1) #£ 0 for some A € Aand 1 C [r].

Proof. By definition, f(a +zb™!) = F(zb™!) = ¥ cz4™mm(b"!). Thus, the coefficient of z" contains all
monomials of degree 1.

Since for every monomial m we have m(b™!) = m(b) if all the blocks in J(m) have colors in I (i.e.,
h(J(m)) C I) and m(b™!) = 0 otherwise, the right-hand side of (6) can be written as

[z'] Z (—1)T_|”f(a—|—zbh'1) = 2] Z (_ T—\II ZC Zclegn1 (bh’I)

IC[r] IClr]
=Y en X
m: degm=r 1CIr]
= )  camd) )  (=p7
m: degm=r I: h(J(m))CIC[r]

Thus, the coefficient of ¢, m(b) in this sum equals

3 (—1) 1 = {1/ h(J(m)) = [r],

I: h(J (m))CICr] 0, otherwise.

Consequently, only monomials of degree r satisfying h(J(m)) = [r] survive. Therefore (6) follows from the
definition of gq 1 (recall (4)).

To conclude the proof we note that we can access the coefficient of z" by simple interpolation, since F is
set-partitioned and hence _ ;(—1)""!If(a+zb™!) has degree at most n in z. By assumption, this coefficient
is nonzero and therefore there must be a point A € A and a set I C [r] on which f(a + Ab "1 is nonzero. O



We next prove that the partial derivative dimension of gq i is at most poly(w).
Lemma 3.3. Let f € C. Then, in the notation above, dimPD(gqn) < 2™w.

Proof. To simplify notation denote g = gq,» and, for a color i, let Y; = Xj,—1(;) be the set of variables whose
block has color i. By (4), every monomial of g contains exactly one variable from each Y;. Hence a partial
derivative 0%g is zero unless x* is a product of distinct variables from distinct sets Y;. For such «, let
I = h(J(x*)) C [r] be the set of colors that variables of x* received. In particular, x* is a monomial in
Y1 = Uje Yi- Since g is multilinear,

0%g =) (x*malg) my,

my

where m, ranges over monomials in the variables outside Y;. Thus 9*g is the polynomial whose coefficient
vector is the row of C;,-1(1)(g) indexed by x*. It follows that the space of partial derivatives according
to monomials whose set of colors is I is contained in the row-span of C;,—1(1)(g). Hence, it has dimen-
sion at most rank C;,—1(1y(g). Since Cy,—1(1)(g) is a submatrix of the coefficient matrix of f(X 4 a) (after
deleting its zero rows and columns), with respect to the same partition, we get from our assumption that
rank Cy,1(1y(g) < w. Going over all 2" possible subsets I gives the claimed bound. O

We are ready to give the hitting set.

Construction. Let { = |[lgw?| + 1. Let A C FN be a set of shifts with the following property: for every
nonzero f € C, there is a € A such that f(X + a) has a nonzero monomial of support less than £. Finally, for
1 < r < llet P, = Py ; be the perfect hash family of Theorem 2.5.
Denote by R; = 2"w the upper bound on the partial derivative dimension of gqn (Lemma 3.3). Addi-
tionally, denote B, = NR2 + R, and set
Gr = GNR,-

Fix sets A, T, C F with |A| =n + 1 and |T,| = vB; + 1. Define

—1
H=AUJ{a+A(G:(1)

r=1

Miaed hed, ICH, teT, AeA}, @)

where we have used the notation of (5).

Over fields of positive characteristic, we replace the set {G;(t) : T € T} in (7) by the hitting set of
Theorem 2.9 with parameters N, R = R, and e = 1. For this we assume that |F| > 2N?Rir? = poly(N,w)
(otherwise we take the points from an extension field), and the new set has size O(N?R3r*) = poly(N, w) as
well.

Lemma 3.4. Let A have the property above for C. Then H hits every nonzero f € C. Moreover,
| H| < Al - poly(n, N, w).

Proof. Choose a € A such that F = f(X + a) has a nonzero monomial m of support r < {. By multilinearity
(which follows from being set-partitioned) we also have deg(m) = r. If r = 0, then f(a) = F(0) # 0 and
a € J. Otherwise, since the polynomial is set-partitioned, m contains variables from exactly r blocks, and
by Theorem 2.5 there is h € P, that is injective on J(m). It follows that gq,n is a nonzero homogeneous
polynomial of degree v (Lemma 3.1), and from Lemma 3.3 we get that dimPD(gqn) < R;.

Over fields of characteristic zero, Theorem 2.7 implies that there is T € T, with gqn(G+(1)) # 0. By
Lemma 3.2 with b = G, (1), there are A € A and I C [r] with f(a + A(G,(1))™!) # 0, and a + A(G,(1))™! is
an evaluation point from H.

Over fields of positive characteristic the argument is the same: since gq i is multilinear, dim 0},ga,n =
dimPD(gqn) < Ry (recall Remark 2.10), so by Theorem 2.9 some point b of the corresponding set satisfies
ga,n(b) # 0, and we apply Lemma 3.2 to this b.



For upper bounding the size, we note that since r £—1,2" < w? s0R, < W’ Hence, B, < Nwf +w3

and |T,| < {B, + 1. By Theorem 2.5 we have |P,| < 2°(") log? n. = poly(w) log? n. We therefore have
1
96 < TAI(T+ (n+1) Y [Pr]27 ) = 4] - poly(n, N, w). 0
r=1

3.1 Proofs of the main theorems

Proof of Theorem 1.1. In this case all our blocks are singletons and so N = n. By (2) a polynomial with
width-w ROABPs in every order belongs to the class C.

Let A = 8 be the set of Corollary 2.4 with 6 = 1. Then, |A| = poly(n,w). By Lemma 3.4, H is a hitting
set of size poly(n, w). O

The proof of Theorem 1.2 first translates the polynomial into one that can be computed by any-order
ROABPs and then shows that a good shift for the translated polynomial yields one for the original polyno-
mial.

Proof of Theorem 1.2. Let X = Xy U...UXn and f = 37 [ ;1 €1, (X;). For every set I of blocks,
[T = (LT 6% H“u
j jel jg1

so each of the s products contributes a matrix of rank at most one to Ci(f), so the rank of every partial
derivative matrix is at most s. Thus, set-multilinear polynomials are members of the class C.

Denote X; = {xj1,...,%j,4;,} with dj < d. To apply Corollary 2.4 we transform the polynomial so that it
is computed by any-order ROABPs by replacing each x;; with x}, the ith power of a new variable x;.

The resulting polynomial, which we denote by q(x), has individual degree at most d and width-s
ROABPs in every order, as it is a sum of s products of univariate polynomials. Let 8 C F™ be the set of
Corollary 2.4 with 6 = d and w = s. This gives a shift b € 8 such that q(x +b) has a low support monomial
(but not necessarily of low degree). We next translate this shift into a shift of the original polynomial f.

Define the corresponding set of substitutions for the original variables by

A ={(b])jemitera; : b €8 C N,

Define
pj,t(xj) = (Xj + bj)t — b;

Then
q(x+b) =f(a+p(x)) =F(p(x),

where a = (bjt) it € Ais the point corresponding to b and F = f(X + a).

As a polynomial in x;, pj¢(x;) is divisible by x;. Therefore, after substituting p into a monomial m of F,
we obtain a polynomial all of whose monomials have support exactly J(m). Hence a coefficient of q(x + b)
of support | is a linear combination of coefficients of monomials of F of degree |]|.

By Corollary 2.4, for some b € 8, q(x 4+ b) has a nonzero coefficient of support less than { = |1gs?] + 1.
Consequently, one of these coefficients of F is nonzero. In particular, f(X + a) has a nonzero monomial
of degree less than { for the corresponding a € A. Thus A has the required property, and |A| < [§] =
poly(n,d) - (d+1)° (log(s+1)) By Lemma 3.4, with w = s and N < nd, the set H hits f and has size

poly(n, d) - (d + 1)°U8sT) . poly(n,nd, s) = poly(n,s) - (d + 1)OUeslsH1)), 0

We note that in the proof above q is used only to find the shift and Lemma 3.4 is applied to f itself, which
isin C.



Remark 3.5. In the proof of Theorem 1.2 we justified q having an any-order ROABP by saying that it is a
sum of products of univariates. This is not necessarily preserved in the border so we give a more detailed
argument here that does hold for the border. Observe that the substitution replacing x; ; with x} maps the
monomials of f to distinct monomials. Hence, the coefficient matrices of q are the same as those of f up to
permuting rows and columns. It follows that rank C1(q) < s for every partition of the variables, and by
Nisan’s characterization [Nis91] q has an any-order ROABP of width at most s. This rank based argument
clearly holds in the border.

4 Open problems

We conclude with some open problems.

1. Higher individual degree. The main question left open by this work is to construct hitting sets of size
poly(n,w, d) for any-order ROABPs of individual degree d. From [FS514] we still get a set of size
poly(n)-dOoeW) that contains a shift that yields a nonzero coefficient of support O (logw). However,
a monomial of small support need not survive when we extract the coefficient of y; - - - y~. We can
instead extract a coefficient involving higher powers of the y;, but our bound on the partial derivative
dimension no longer applies. In particular, the case of individual degree two is open. Solving this for
arbitrary individual degree will also yield hitting sets for arbitrary set-multilinear depth-3 circuits.

2. Set-multilinear depth-3 circuits with large sets. Can the factor (d 4 1)©(98%) in Theorem 1.2 be removed?
Equivalently, construct explicit hitting sets of size poly(n, d, s) for tensors of rank at most s with n
factors of dimension d.

3. Orbits. Hitting sets for affine orbits of any-order ROABPs were constructed in [ST24, BG22]. Can the
approach of this paper give polynomial-size hitting sets for orbits of multilinear any-order ROABPs,
or set-multilinear depth-3 circuits? We note that an affine transformation does not preserve multilin-
earity (nor set-multilinearity), but perhaps existing ideas could already yield such a hitting set.
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