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Abstract

Given a finite field Fy, we say that a set A C Fy is an (r, ¢) subspace evasive set if and only
if for any affine subspace U C Fj with bounded dimension dim(U) < r, the intersection size
|ANU]| is at most ¢. The probabilistic method shows the existence of (r, ¢) subspace evasive sets
with |A] = ¢(1=9" with ¢ = O(r/¢). However, the best explicit constructions by Dvir-Lovett
(STOC 2012) and Ben-Aroya-Shinkar (CJTCS 2013) have ¢ growing as an exponential function
of r.

Here, we give an explicit construction of such subspace evasive set that achieves the inter-
section bound ¢ = O(min(rlog(r/€)/e,7?/€)) when both r and 1/ are constants. Our approach
is simple and the key idea is to compose subspace design codes (Guruswami-Xing, STOC 2013)
with a suitably chosen “local” subspace evasive set. As a corollary, we give the first construction
of an explicit (strongly) capacity-achieving list-recoverable code with nearly optimal list size,
circumventing all previously-known barriers to construction.
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1 Introduction

In this work, we study ezplicit constructions of subspace evasive sets, a fundamental object with
connections to pseudorandomness, coding theory, and Ramsey theory. Formally, given a finite
field F,, we say that a set A C Fy is an (r,c) subspace evasive set if and only if for any affine
subspace U C Fy with bounded dimension dim(U) < r, the intersection size |A N U[ is at most
c. Intuitively, the set A should have minimal overlap with any low-dimensional affine space. As a
classical example, the case r = 1 corresponds to finding a collection of points in Fy such that no
¢ + 1 points lie on the same line; the case r = 2 corresponds to no ¢ 4+ 1 points lying in the same
plane, and so forth.

This notion was first introduced by Pudldk and Ro6dl [PR04], motivated by an application to
bipartite Ramsey graphs. Specifically, they showed that an explicit construction of an (n/2,c)
subspace evasive set A C F§ can be used to construct explicit c-Ramsey bipartite graphs with |A]
vertices (where a c-Ramsey bipartite graph is a bipartite graph with no empty or complete ¢ by
c subgraph). Using this connection, they gave the first construction of o(v/N)-Ramsey bipartite
graphs on N vertices]l]

Inspired by this initial line of work, many subsequent works extended the study of subspace
evasive sets and found concrete applications of subspace evasive sets to other areas in theoretical
computer science. For instance, the work of Guruswami [Gurll] showed that explicit construc-
tions of subspace evasive sets with good quality lead to explicit list decodable/recoverable codes.
Subsequently, Dvir and Lovett [DL12] gave explicit subspace evasive sets which when plugged into
[Gurlll [GW13] gave capacity-achieving list-decodable codes with O(1) list-size. These subspace
evasive sets also played a crucial role in the design of better affine extractors [BR15] and even in
combinatorics [ST24]. In this work, we reverse some of these established connections, and show
that recent work in designing better list-recoverable codes actually leads to much-improved explicit
subspace evasive sets.

To make our discussion more concrete, let us fix 0 < ¢ < 1 and r > 1. Our goal in this paper is
to design explicit (r, c) subspace evasive sets A C Fy with size at least |A] > ¢~ while ensuring
that c is as small as possible. As a simple baseline, one can consider what happens when we select A
uniformly at random. By a simple probabilistic argument (see, for instance, Lemma 8 of [Gurll]),
if one samples A of size ¢(1=9)" in this way, one can show that it will be a (r,O(r/e)) subspace
evasive set with high probability. Complementing this, the work of Sudakov and Tomon [ST24]
Theorem 1.1] shows that there is a matching lower bound. Indeed, any A with size ¢ cannot
be an (r,0(r/e)) subspace evasive set when € < 1/20 and r = (1 + Q(1)) log, (1/¢). Thus, for most
regimes, the optimal (r,c)-subspace evasive sets have ¢ = O(r/e).

The central question in the study of subspace evasive sets is the pursuit of explicit constructions,
where one can algorithmically determine the elements of our subspace evasive set A C Fy efficiently.
Motivated by the broad applications in [PR04, [Gurll], and the hope that better explicit subspace
evasive sets can lead to downstream explicit constructions of other combinatorial objects we pose
the following challenge:

Question 1. Can we provide explicit constructions of (r,c(r,€)) subspace evasive set A C Fy with
size at least |A| > qU=9)" ideally matching the probabilistic method bound of c(r,€) = O(r/e)?

In the special case r = 1, Fithrer and Taranchuk [F'T24] construct a (1,0(y/1/¢)) subspace

!The problem has since seen major progress with other approaches and we now know explicit (log N)O(l)-Ramsey
bipartite graphs; still a near-optimal explicit subspace-evasive set in Fy would be a very pleasing way to construct
O(log N)-Ramsey bipartite graphs. [CZ16] [Li23]



evasive set, which is actually better than what can be guaranteed by the probabilistic method.
In the general case, the pioneering work of Dvir and Lovett [DL12] gives explicit constructions
with ¢(r,e) = (£)", and follow-up work due to Ben-Aroya and Shinkar [BS14] refines this bound to
c(r,e) = (2)” when r and € are both constants.

For general r, there has been little progress on Question [I] in the last decade; however, we
invite the reader to Section for discussion of many related works. As mentioned above, the
main contribution of our work is to give explicit constructions of near-optimal (r,c(r,e)) subspace
evasive sets.

Theorem 2 (Main Theorem, informal, see Section . For any constants r > 1, € > 0, for all
large enough n, one can explicitly construct an (r,c(r,e)) subspace evasive set A C Fy with size

|A| > ¢1=9)" and intersection size c¢(r,e) = O(min(r? /e, rlog(r/e)/e)).

Our bound on ¢(r, ) exponentially improves upon the previous work and is much closer to the
probabilistic method bound of ¢(r,e) = O(r/e). In turn, by using the reductions of [Gurll] and
its follow-ups in conjunction with our new constructions, we resolve some open problems in coding
theory. We elaborate upon these applications and more of our techniques in the following section.

1.1 Our Results and Techniques

For simplicity of presentation, we slightly modify the definition of a subspace evasive set. In
particular, we replace the condition on affine sets (as stated in [DLI2) [F'T24]) with subspaces.

Definition 3 (Subspace evasive set [PR04, [DL12, (GW13]). Let F be a field, a set A C F" is (r,¢)
subspace evasive if for any subspace U C F" with dimension dim(U) < r, we have |[U N A| < c.

Equivalently, A is (r,c¢) subspace evasive set if every subset of A of size more than ¢ has rank
more than r. This change of definition is overall mild, as any r-dimensional affine space is contained
in an r 4+ 1-dimensional linear space, so an (r + 1, ¢) subspace evasive set Definition [3| captures the
more traditional notion of an (r, ¢) subspace evasive set. In particular, our asymptotic bounds—such
as Question [T}-hold in either setting.

At the heart of our results is the notion of list recovery. In short, a code C' C X" (not necessarily
linear) is (¢, L) zero-error list-recoverable if for any sets Si,...,S, C X of size at most ¢, the set
CN(Sy x -+ xSy,) has size at most L. Previously, Guruswami [Gurll] had shown that explicit
subspace evasive sets can be used to construct explicit list-recoverable codes with bounded output
list-size. Our primary technical contribution is a constructive converse that explicit list-recoverable
codes in combination with a small “local” subspace evasive set can be used to explicitly construct
a large “global” subspace evasive sets.

This relies on a modified notion of list-recoverability which we call subspace list-recoverability:

Definition 4 (Subspace list-recoverability). For a local dimension s, and a global dimension n, we
say that a code C C (%)™ is (r, p, ¢, L) subspace list-recoverable if the following holds: for every
F-linear subspace U C (F*)" with dim(U) < r, and every choice of S1,...S, € (2), we have

Hee CNU: Jye(Sy x---x8S,),Ham(c,y) < pn}| < L.
Here Ham(c,y) = >, [ci # vi] denotes the Hamming distance.

Intuitively, this is a weaker requirement than being a standard (p, ¢, L) list-recoverable code,
which requires that for any Sy,...S, € (EE)?

HeceC: Jye (S x---x8,),Ham(c,y) < pn}| < L.



Our new definition of subspace list-recoverability only requires that after taking an intersection with
a low-dimensional linear space (albeit an arbitrary one), the resulting code satisfies the ordinary list-
recovery guarantee. In particular, any (p, ¢, L) list-recoverable code is also (r, p, ¢, L) list-recoverable
for every r. As we shall see, this distinction is particularly useful when constructing subspace
evasive sets, as we must only ever bound the number of points that lie in the intersection with a
fixed-dimensional subspace.

Key Idea: Composition. The core conceptual insight of this paper is that the composition
of a subspace list-recoverable code with a “local” subspace evasive set is sufficient to construct a
“global” subspace evasive set with near-optimal parameters. This composition does need a (mild)
structural requirement that the subspace evasive sets are graphs of functions. We encapsulate this
observation as follows.

Theorem 5 (Informal version of Theorem . Let Enc : F* — (F%)" be the encoding map of an
F—addz’timﬂ code C C (F*)"™ which is (r,0,c, L) list-recoverable. Let f : F* — F be a function such
that A = {(a, f(a)) : a € F*} CF*? is an (r,c) subspace evasive set. Then, their composition

B = {(z, f(Enc(x),),..., f(Enc(z),)) : = € FF} C Fkton
is an (r, L) subspace evasive set of size q".

If we think of the subspace evasive set itself as a code, this construction has close parallels
to code concatenation in coding theory. Intuitively, Theorem |5 shows that one can use subspace
list-recovery to effect a local-to-global principle that amplifies a small subspace evasive set into a
larger one.

To explain concretely why this is the case, consider any r-dimensional subspace U C FF+%" and
consider all messages X C F*¥ whose corresponding points By := {(z, f(Enc(x)1),..., f(Enc(z),)) :
x € X} land in U. Since X is the projection of Bx onto its first k& coordinates, we have that X is
itself contained in an r-dimensional subspace. The challenge still remains to show that |X]| is not
too large.

Proving this relies on the local subspace evasive set. For every i € [n], we consider the following
projection of Bx:
Ax ;= {(Enc(x);, f(Enc(z);)) :x € X} C A.

Since Enc() is F-linear, Ax ; is a linear image of By, and it is contained in an r-dimensional space.
Furthermore, since Ay ; is contained in an (7, c) subspace evasive set, we have that Ax; and thus
S; := Enc(X); has cardinality at most c¢. Therefore, Enc(X) C S; X -+ x S,,, where each S; has
cardinality at most ¢. On the other hand, X is contained in an r-dimensional subspace. Since
Enc is the encoding map of an (1,0, ¢, L) subspace list-recoverable code, we can conclude | X| < L.
Therefore, B is an (r, L) subspace evasive set.

Taking a step back, it should not be so surprising that this combination of subspace evasive
sets and list-recoverable codes is fruitful. List-recoverable codes guarantee that in any set with
enough codewords, there must be some coordinate where the codewords take many different values.
Subspace-evasive sets guarantee that if any set contains enough points, then those points span a
high dimensional space. The composition in Theorem [5| uses the first property to find a coordinate
with many different values, and the second property to ensure those values have high rank. This
property of list-recoverable codes has also found many other surprising uses, including recent oracle
separations of quantum complexity classes (see [YZ24, BHV26]).

2F-additivity means that for any ¢,¢’ € C, and o, 8 € F, ac + 8¢’ € C as well. In other words, C is an F-linear
space.



The Building Blocks. Thanks to Theorem |5, we have reduced the task of constructing an ex-
plicit subspace evasive set into two problems: (1) efficient construction of the “local” subspace
evasive set and (2) construction of a good additive subspace list-recoverable code. For the former
challenge, we can efficiently derandomize the probabilistic construction of subspace evasive sets
using the method of conditional expectations. In short, for a “semi-random” set A where some ele-
ments are deterministic and some are randomly chosen, we efficiently estimate the expected number
of violations to our subspace evasive set property and derandomize one-at-a-time the elements of
A, while keeping the expected number of violations monotonically decreasing.

For the latter challenge of constructing good subspace list-recoverable codes, we can use many
recent advances in this space off-the-shelf. For example, the recent work of Brakensiek, Chen,
Dhar, and Zhang [BCDZ26a)] (see also the work of Goyal and Guruswami [GG25]) showed that
any subspace design code can be used to construct very good list-recoverable codes. Subspace
designs, introduced by Guruswami and Xing [GX13], are a pseudorandom family of linear maps
which have found many applications including list-decoding (their original motivation in [GX13]
and recently in [Sri25, [GG26D]), list recovery [BCDZ26al [GG25], rank condensers and dimension
expanders [FGT5, [GRX21], and algorithmic derandomization [BCDZ26b, ICGG™T26|, and proximity
gaps of codes [GG26b, I(GGSW26]. Many of these applications have been discovered quite recently
and have thus motivated a detailed investigation of better constructions of subspace designable
codes |GK16, IGGH26, IGRSZ26, [CDG26|, [AGG26]. As such, by composing these subspace design
constructions with [BCDZ26al, (GG25], we get a number of explicit subspace evasive set constructions
achieving Theorem [2] see Section 4] for exact statements.

Implications for List-recovery. As observed by Guruswami [Gurll], explicit subspace evasive
sets can be used to construct explicit list-recoverable codes. In broad strokes, we prove a family of
results of the following form.

Theorem 6 (Informal, see Sections 5| and . For any constants £ > 1,e, R € (0,1), there are
explicit codes with rate at least R that are (1 — R — e,£,poly(£/e)) list-recoverable. Furthermore,
for the construction stated in Theorem [43, both the encoding and the list-recovery of the code can
be done in Op (1) poly(n) time.

See Table (1] for a comparison of our results with prior work, the most notable contrast being
that the list size of all previous constructions had exponential dependence in 1/e. (See Table |2 for
a more comprehensive comparison.) Some of our constructions get a list size of O(EL2 log f), which
is not too far off the probabilistic method guarantee of O(¢/¢).

At first glance, it may seem counterintuitive that our construction has novel implications for
list-recoverable codes, as state-of-the-art constructions of list-recoverable codes are a key input to
Theorem However, note that Theorem [5| requires as input an F-additive code, but a subspace
evasive set by definition has no additive structure. Thus, any list-recoverable code constructed using
our subspace evasive sets circumvents lower bounds on the list-recoverability of linear and additive
codes [GLM™22, [CZ25| LMS25| [LS25]. Furthermore, this technique for constructing list-recoverable
codes falls outside of the recently-popularized “AEL framework” [AEL95] for constructing list-
decodable and list-recoverable codes [ST25, [JS26, [(GGH26], thus circumventing recently-established
lower bounds in that space as well [BCPZ26].

All of our constructions work by taking an established code construction (such as Reed—Solomon
codes) and judiciously using the subspace evasive set to select a subcode with good list-recovery
guarantees. For example, the work of Guruswami and Xing [GX22] (see also [KRZ26l, Section 5.3])



Codes Alphabet size |X| List size L Explicit?
Random Linear Codes [ZP81, [Gur01l [RW1S| 0(1/¢) o(t/e)
595 L (£/e) No
Random Linear Codes [BCDZ26al [GG26a] (ﬁ)o((lﬂs)/eg) ( £ )O(HR/S) No

5 R+te
Random Codes (ea/e O/¢) No
Folded RS/Univariate Multiplicity Codes [GROS], e O(L/e2) , \OU+R/e) Yes
Kopl5, [GW13, KRSW23, [BCDZ264] (%) R+e)
Folded RS Codes & Subspace Evasive Sets [DL12] (;—é)o(log“)k?) (%)0(1/53) Yes
Codes Based on the AEL Framework [ST25] |.JS26), O(1+R/¢)
o l exp(exp(O(E/e%) | (55:) ves
Folded RS plus AEL Codes [KRSW23] (L)o@ ost/e)/<%) 00/ Yes

Clog(£/e) Qoa,é(log*(n))

Folded AG Codes [GX13] [GK16] exp (% 2 Yes
AG Codes + BTT evasive subspace [GRZ21] (5)0(5/52) exp(poly(£/e)) Yes
RS codes + Subspace Evasive Sets (Theo- nO(1/2) O(% log £) Yes
rem € €
AG codes + Subspace Evasive Sets (Theo- /62
rom ) ( (£yot/eD poly(¢/e) Yes
Folded RS codes + Subspace Evasive Sets (The- (nl)o(g/gz) O(% log £) Yes
orem €2 €2 €
AEL codes + Subspace Evasive Sets (Theo-
rom P ( exp(exp(£2/52)) O(EA2 log f) Yes
Any Linear Code [GLM™ 22| [CZ25, [LMS25, [LS25] | Any (R Lower Bound
Classical AEL Codes [BCPZ20] Any (UES2) Lower Bound

Table 1: This table gives a summary of many constructions of list-recoverable codes as well as some
known limitations.

shows thatﬂ there are explicit additive subcodes of Reed-Solomon codes such that the lists of code-
words obtained in the list-recovery problem lie in a low-dimensional O(f/c?)-dimensional subspace
of the message space. By taking a further subcode of this Reed—Solomon subcode based on our
subspace evasive set construction within its message space, we get that this O(¢/e?)-dimensional
subspace has a small intersection with our subcoding as a subspace evasive set, yielding the de-
sired poly(¢/e) list-size bound. We obtain analogous constructions for algebraic-geometry codes
(based on [GRZ21]), folded Reed—Solomon codes (based on [GW13]), and AEL codes (based on
[GGH26]). Each of these constructions yield different tradeoffs between alphabet size, list size, and
encoding/decoding time (some of which have linear-dependence in n). See Section 5| for detailed
statements of all of these constructions.

1.2 Related Work

We now give some broader context to subspace evasive sets by briefly discussing generalizations
and connections in the literature. See in particular the recent paper of Lim, Nie and Zeng [LNZ26]
which surveys a number of these works.

3These works only discuss the list-decoding case where ¢ = 1, but it is straight-forward to generalize the whole
proof to general list-recovery for any ¢ > 1. See [CGZ26] for details.



Variety-evasive Sets. A natural generalization of (7, ¢) subspace evasive sets is requiring inter-
section of size at most ¢ for families of non-affine sets V' C Fy, such as solutions of polynomial
equations of higher degree. In particular, we say that a set A C Fy/ is (d,r, c) variety evasive if for
every variety V C Fy of degree at most d and dimension at most r, we have that |[VNA| <c The
case d = 1 coincides with the notion of subspace evasiveness. Variety evasive sets were introduced
by Dvir, Kollar and Lovett [DKL14] as a direct generalization of Dvir and Lovett’s [DL12] investi-
gation of subspace evasive sets. Variety evasive sets should not be confused with the variety evasive
subspace families [Guo24l [AG26] which also are motivated by applications to derandomization.

Subspace-evasive Subspaces. In the study of dimension expanders, Guruswami, Resch, and
Xing [GRX2I1] define a notion of subspace evasive subspaces. Here, one constructs an F,-subspace

H C Fy which has small intersection with every F s-subspace W C FZ”{ 4 which can also be viewed
as an Fg-subspace W C Fp.

Twisted Varieties. Closely related to variety evasive sets are the concept of twisted varieties,
where one imposes that A C Fy is an n—r-dimensional variety, where we impose that for any degree-
d, r-dimensional variety V' C Fy, the intersection VN A is 0-dimensional. This notion was introduced
by works of Dvir-Kollar-Lovett [DL12, DKL14] and Blagojevié-Bukh-Karasev [BBK13], the latter
of whom called these “non-degenerated embeddings.” See the work of Lim, Nie and Zeng [LNZ26]
for new bounds on the existence of twisted varieties.

Connections to Extremal Combinatorics. Evading varieties has recently found much inter-
est [IV22], [SZ26l, [LNZ26] due to the concept being a natural generalization of “points in general
position.” In particular, studying variety-evasive sets (even existentially) has a number of appli-
cations to incidence geometry [ST24 MTS24] and hypergraph Turdn problems [BBK13, [CLNZ25].
As mentioned previously, in certain parameter regimes, subspace evasive sets can also be used to
construct explicit Ramsey graphs [PR04].

Applications of List-Recoverable Codes List-recoverable codes themselves have found many
important applications in the literature. For instance, list-recoverability plays an important role in
the construction of unbalanced lossless expanders [GUV09] and in oracle separations of quantum
complexity classes [YZ24, BHV26].

1.2.1 Paper Structure

In Section [2| we define subspace list-recoverable codes, and give the general framework to construct
the “global” subspace evasive sets given explicit subspace list-recoverable codes (SLRCs) and “local”
subspace evasive sets. In Section [3] we list explicit constructions of useful SLRCs as well as describe
a construction of “local” subspace evasive sets using the method of conditional expectation. In
Section [4] we plug these prior constructions into the framework and get explicit subspace evasive
sets with required qualities. In Section [5] we use the constructed subspace evasive sets to construct
good list-recoverable codes as shown in Table[I] In the end, we show in Section [6] how to speed up
the list-recovery of such codes using known techniques from coding theory.

Notation. For any set A and non-negative integer ¢ > 0, (’? ) denote the collection of subsets of A
with size ¢, and ( ft) denote the collection of subsets of A with size at most t. For any vector z € X",
let z<,, € ¥™ denote the length-m prefix of x and z; € ¥ denote the i-th coordinate of z. For a set
of vectors X C X", let X<, denote X<, = {z<p: x € X} and X,,, denote X,,, = {zp,: z € X}.
We also define x>, and X>,, similarly.



Given an F-additive code C' C (IF*)", an encoder of C is an F-linear function f: FF — ()"
with Im(f) = C. If some encoder f can be computed in time 7', we say C' is encodable in time 7T'.

For any subset A C F", we say that A is constructable in timdﬂ T if there is a bijection
f:41,2,...,|A|} — A which can be computed in time 7', including any preprocessing time needed
to determine the function f. In a similar vein, we say that A has a membership oracle in time T’
if the indicator function g: F" — {0,1} defined by g(z) = 1[x € A] can be computed in time 7.

2 Local to Global Amplification via Subspace List-recoverable Codes

In this section, we show how to use subspace list-recoverable codes (SLRCs) to amplify local
subspace evasive sets to global subspace evasive sets. Recall from Deﬁnitionthat a code C C (F*)"
is (r, p, ¢, L) subspace list-recoverable if for any product set S; x --- x S,, C (F*)", where each S;
has cardinality at most ¢, any r-dimensional subcode of C' has at most L codewords within relative
Hamming distance p of this product set. In particular, subspace list-recovery is a weaker notion
than traditional list-recovery, and an F-additive code C' C (F*)™ that is (p, ¢, L) list-recoverable is
automatically (r, p, £, L) subspace list-recoverable for any r > 0.

This local-to-global reduction actually requires the “local” subspace evasive set to have a gen-
erator function, which is defined below.

Definition 7 (Generator function). Let f: F* — F® be a function, we define G/: = {(z, f(x)): = €
Fe} C Fo*P to be the set generated by f (i.e., the graph of f), and we say f is the generator function
of G¥.

We now prove our core theorem, which shows how to construct a “global” subspace evasive set
from a “local” subspace evasive set and a subspace list-recoverable code.

Theorem 8. Let F be a field, f: F$ — F° be the generator function of an (r, cf) subspace evasive
set G, and C C (F*)" with dimp(C) = k be an Fy-additive (r,0,cs, L) subspace list-recoverable
code. We can construct a function g: F* — F* such that B = G9 = {(z,g9(x)): = € F’;} C Fhk+on
is an (r, L) subspace evasive set with size |B| = ¢".

Moreover, let f can be computed in time Ty and C is encodable in time Tc, then g can be
computed in time O(Tc + nTy), B is constructable in time O(Tc + nTy), and B has membership
oracle in time O(Tc 4+ nTy).

Proof. Let Enc: F¥ — (F*)" denote an F-linear encoder of C so that Im(Enc) = C' and Enc can be
computed in time T, We construct g: F¥ — F as follows:

g(x) == (f(Enc(z)1),..., f(Enc(x),)) € F™, Vz e F*,

We first prove that B = {(z,g(z)): x € Fg} C F*+P" is indeed an (r, L) subspace evasive set. Let
U C Fkttn denote any subspace with dim(U) < r. Let U’ = U< C F* denote the projection
of U on the first k coordinates. Let A = U N B and A" = A<, similarly. Since A C B, by the
construction of B we know distinct elements z,y in A have distinct length-k prefixes x<y, y<g.
Therefore, |A| = |A’|. Tt suffices to prove |A'| < L.

Suppose for contradiction that |A’| > L. For each i € [n], let Enc;: F¥ — F* denote the
linear map outputting the i’th coordinate of the encoding map Enc of C, i.e., Enc;(z) = Enc(z);

“We assume all field operations take time O(1).



for all z € F*. Since Enc(A4’) C Enc(U’) with dim(Enc(U’)) < r, and C is (r,0,cy, L) subspace
list-recoverable, we know because |A’| > L that there must be some i € [n] so that | Enc;(A”)| > cy.

Now define H; = {(Enc;(z), f(Enc;(z))) : @ € A’}. Note that |H;| > |Enc;(A’)] > ¢y. Since
G’ D H; is an (r,cs) subspace evasive set, we must have that rank(H;) > r. This implies that

r > dim(U) > rank(A) = rank{(x, g(z)): x € A’}
> rank{(Enc;(z), f(Enc;(z))) : « € A’} = rank(H;) > r,

a contradiction. Therefore, we must have that |A| = |A’| < L. This proves that B is an (r,L)
subspace evasive set.

Finally we justify the complexity aspects of our construction. Evaluating g requires an evalua-
tion of Enc and n evaluations of f, and thus O(T¢ + nTy) time. In terms of the construction, we
can compute a bijection fp: |B| — B as fp(x) = (z,g9(x)) by one evaluation of g, which requires
O(Tc + nTy) time. To implement the membership oracle for the constructed subspace evasive set,
for a given (v € F¥ y € F), we need to compute g(x) to see whether g(x) = y. This can be
implemented in O(T¢ + nTYy) time. O

3 Building Blocks

In this section, we discuss methods for constructing “local” subspace evasive sets, and record
existing constructions of subspace list-recoverable codes from the literature.

3.1 Local Subspace Evasive Sets via Random Sampling

We first present how to construct the “local” subspace evasive set via pre-conditioning methods,
which is the function f that we use in Theorem [§] The following construction can be seen as an
intelligent brute-force search. More concretely, it is a derandomization of the probabilistic method

union bound, which can be seen as the toy case of the derandomization of the Lovész Local Lemma
[CGH13].

Theorem 9. Let s,b,7,d > 0 be integers and Fy be a finite field, if (s + b+ d)r < bd, then we can
construct, in time O(q+tOT+0rdq) g function f: Fy — IFZ so that Gf C F2+b is an (r,d — 1)
subspace evasive set.

Proof. Let Fy = {z1,...,24s} and g: Fy — ]FZ denote a random function. There are at most ¢(s+t)"
many r-dimensional subspaces U of Fg*b. For each of these subspaces U, it has at most ¢"% subsets
S C T with |S| = d. Therefore, there are at most ¢+ bossible pairs (S,T). For each of such
S C T, consider the bad event Egp when S C G9 = {(x,¢g(x)) € IF;H’: r € F;} happens. Our goal
is to construct a function f: Fy — IF'Z such that no Fgr happens conditioned on f = g.

We assign values to f(x1),..., f(xzgs) one by one. For each i € [¢°], let I; = {z1,...,z;} and
fir I; — ]Fg denote the assigned values on I;. Let p; = E[Z&T Est: fi = g|1,]. We start from
i=0and f; = 0.

For each i € [¢°], in the i-th round, we have the following.

1
pir=E|Y Esr: fin=gli_,| == > E|> Esr: fix=gli_, Ngl:) =w



Computing these expectations requires O(¢g"t(*+5+d)7d) time. Therefore, one can choose some
w e IFS such that E[Z&T Esr: fic1 =91,y Ng(z;) = w] < pi—1 in deterministic O(grtotstdrg)
time. By assigning f;(z;) = w and f;|1, , = fi—1, we can guarantee that p; < p;_; and proceed to
round ¢ + 1.

This whole procedure requires O(q*+*)("+D+7dq) time. We can guarantee that

Py =ED Esr: f=g] <po=E[Y_ Esxzl.
S, T S, T

Since we succeed when pgs < 1, it suffices to show that po = E[} g, Esr] < 1.
Fix any valid S € T. Let S = {a1,...,q/5}. Es7 happens iff for all i € [|S]], there is
g(a; <s) = a;>s41. For a uniformly random function g, the probability that this happens is ¢ .
If |S| > |S<s|, then since GY is generated by g, it be the case that Egr = 0. Otherwise, we
have that
Pr[Egy] < ¢ "<l < g7 < g0,

Since (s + b+ d)r < bd, we have that

S, T S, T

as desired. O

Remark 10. From [GW13], Lemma 23], there exists a polynomial p € Fgs[X] with degree at most
d such that {(z,p(x)<p) € IFZ”’: x € Fys } achieves the similar subspace evasiveness as Theorem @
We can enumerate all such polynomials p(z) and find one with the target property. This gives an
alternative and more space-efficient construction of the local subspace evasive sets we need.

3.2 Explicit Subspace List-recoverable Constructions

We next list useful explicit constructions of subspace list-recoverable codes which follows from
recent advances in pseudorandomness and coding theory.

We first define lossless rank-condenser and states its implications for SLRCs. We make use of
this notion in Section [3.2.3]

Definition 11 ([Forl4]). An additive code C' C (F;)n forms a lossless rank-condenser up to rank r

if for any subspace U C C with dim U < r, we have that there is an i € [n] such that ; : (IF;)” — Ty,
the projection map onto the ith coordinate, is injective on U.

Lemma 12. If an additive code C C (Fg)n is a lossless rank-condenser up to rank r, then it also
forms a (r,0,£,¢) subspace list-recoverable code for all £ € N.

Proof. Consider any U C C' C (F;)n with dimU < r as well as S1,...,S5, € (E) Define £ =
{ceUNC: Vie n],n(c) € S;}. Then there exists an i € [n] such that 7|y is injective. Now,

(L) = |£] but 75(L) C S;. Hence, |£] < |S;] < L. 0

Next, we define subspace design codes [GX13] and demonstrate their implications for SLRCs.
We make use of such codes in Sections B.2.1] and [3.2.2)



Definition 13 (Subspace-Design Property [GX13| [(CZ25] [GG26D]). For any function 7 : N — R<j,
an [ -additive code C C (Ffl)" is said to be a T-subspace design code if for every r € N, and every
[F-linear subspace A of C of dimension at most 7, the following holds:

% Z dim A; < dim(A) - 7(r)

i=1
where A; = {a € A: a; = 0}.

Lemma 14. If an additive code C' C (IF;;)” is a T-subspace design with T(r) < 1/r, then it also
forms a (r,0,¢,¢) subspace list-recoverable code for all £ € N.

Proof. Consider any U C C C (Fg)n with dim U < r as well as S1,...,95, € (E) Define £ = {c €
UNC : Vi€ [n],m(c) € S;}. Observe that now, 1 3" | dimU; < 1 where U; = {u € U : u; = 0}.
Thus, there exists an ¢ € [n] with dim U; = 0. Hence m; is injective on U. Therefore by Lemma
we have that C is (r,0, ¢, ¢) subspace list-recoverable. O

Theorem 15 (subspace list-recovery of subspace-designs [BCDZ26a, (GG25]). If C C X" is a

T-subspace design code, then for any ¢ > 0, C is (r, 1—7(r) —e,d, (L)(T(T)H)/e

T OF: subspace

list-recoverable.

A proof of the above fact is found in [GG25, Appendix A, Theorem A 4].

Corollary 16. If C C X" is a T-subspace design code, then C is (r,O,ﬁ, EUU*T(T))) subspace list-
recoverable. Additionally, when 7(r) < 1/(1+logy¢), then C is (r,0,£,2¢) subspace list-recoverable.

1+logg £
Proof. Set ¢ =1 — 7(r) in Theorem E Setting 7(r) = l++og€ gives that C is (r,0,¢,¢ los2* )
(r,0,4,2¢) subspace list-recoverable.

Ol

We now instantiate Lemma [14] and Corollary [16] with specific choices of subspace design codes.

3.2.1 Construction 1: [GGH26] subspace designs

We now present the first construction of subspace list-recoverable codes via the subspace designs
of Goyal, Guruswami, and Hsieh [GGH26] based on AEL codes [AEL95].

Theorem 17 ([GGH26]). For any finite field F,, R,e > 0 with R+ ¢ < 1, and dimension r € N,
there exists an s = Oy (1) = poly(r,1/¢) - ¢~ such that for all sufficiently large n, there exists
an explicit code C C (IFZ)" of rate > R, that forms a T-subspace design with 7(r) < R+e¢e. In

particular, C can be computed in time Og, (1) - poly(n).

By combining Theorem [17] with Lemma we get a family of SLRCs with the following pa-
rameters.

Corollary 18. For any finite field Fy and r € N, for all large enough n, there exists an explicit T
subspace-design additive code C C (F3)™ with rate R > 1/2r, 7(r) < 1/r, s = Ogr(1) = poly(r) -¢"
which can be computed in time Oy, (1) - poly(n). In particular, this code is an (r,0,£,¢) subspace
list-recoverable code for all £ € N.

Likewise, combining Theorem [17] with Corollary obtains the following family of SLRCs.

10



Corollary 19. For any finite field F, and r,¢ € N, for all large enough n, there exists an explicit
T subspace-design additive code C C (Fg)"™ with rate R > m, 7(r) < m, s = 04r(1) =
poly(r,log?) - ¢"° which can be computed in time Oy, (1) - poly(n). In particular, this code is an
(r,0,¢,2¢0) subspace list-recoverable code for all ¢ € N.

r2

3.2.2 Construction 2: [GK16|] subspace designs

We next present a construction of subspace list-recoverable codes via the subspace designs of Gu-
ruswami and Kopparty |[GK16].

Theorem 20 ([GK16]). For any R € (0,1) and s,n € N such that Rsn is an integer, and any finite

field Fy with g > sn, there exists an explicit additive T-subspace design code with T(r) < s_sﬁrl for

all v < s. Additionally, the code can be computed in time n - poly(s,log q)ﬂ

Combining Theorem [20] with Lemma [14] yields the following SLRCs.

Corollary 21. For any r € N, and integer n > 2, and finite field F, with g > 4nr, there exists
an explicit T subspace-design additive code C C (Fg)" with rate R > 1/8r, 7(r) < 1/4r, s = 2r
which can be computed in time n - poly(r,logq). In particular, this code is an (r,0,¢,¢) subspace
list-recoverable code for all £ € N.

Furthermore, combining Theorem [20] with Corollary [16| obtains the following SLRCs.

Corollary 22. For any r,{ € N with n > 4log¥, and finite field F, with q > 4nr, there ewists
an explicit T subspace-design additive code C C (F7)" with rate R > 1/(3 + 3logy (), 7(r) <
1/(1+1ogy ), s = 2r which can be computed in time n - poly(r,logq,log ). In particular, this code
is an (r,0,¢,20) subspace list-recoverable code.

3.2.3 Construction 3: [GRSZ26| lossless-rank-condensers

Our final construction of subspace list-recoverable codes uses the lossless-rank condensers of Guo,
Raj, Shangguan, and Zhang [GRSZ26] (using Lemma [12):

Theorem 23 (|[GRSZ26]). For any R € (0,1),r € N, and any non-prime field F, with ¢ > poly(r),
there ewists an infinite explicit family of Fq-additive codes forming lossless rank condensers up to
rank r with s = O(r) and rate Q(1/r). In particular, this family of codes forms an explicit infinite
family of (r,0,¢,¢) subspace list-recoverable codes for all £ € N. Additionally, the code can be
computed in time poly(n,r,logq).

4 Explicit Subspace Evasive Sets

In this section we combine the local-to-global reduction (Theorem , the local optimal subspace
evasive sets (Theorem E[), and various explicit subspace list-recoverable codes from Section to
explicitly construct subspace evasive sets.

Our first construction considers the case in which the field size ¢ is constant with respect to n.
In this case, we make use of Corollary |18/ and Corollary (19| derived from [GGH26].

This code is in fact the [GRO8] folded Reed-Solomon code.

11



Theorem 24. Fizx a prime power q and constants r € Z,e € (0,1). For all large enough n, we
can construct (r, L = O(min(*- r2 M))) subspace evasive sets A C Ty with size |A| > g—em,

We can construct a membersth oracle for A with running time Og, (1) poly(n).
Proof. We split the proof into two cases.

o (Case A) L = O(é), and

o (Case B) L = O(Thggw).

In these two different cases we will use Corollary [I8] and Corollary [19] respectively. We let D denote
. . . di C
the reciprocal of the target rate of the subspace list recoverable code, i.e., R = mjiqM() > %. We

then set the different parameters as follows.

o (Case A) ( = [1667"21,D = 2r, and

o (Case B) £ = (M],D = 2+ 2logy £. In this case D < 20(1 + logy(r/¢)).

Let t = (%1,5 = sot,b= [55],d = {+1 where s = Og(1) is the constant s in the statement
of Corollary (18| (Case A) or Corollary (19| (Case B). Then we check the parameter requirement of
Theorem |§| and invoke it: Since b > 4r, we know b — r > %. Therefore

r(s+b) < r(5s/4)  5rD

b—r ~ es/4D 5

Splitting by case, we then compute that

o (CaseA)%§5’"D<lor <{+1=d, and

)

e (Case B) @g%g%‘g(%”<é+lzd.
In both cases, Theorem |§| provides a function f: Fy — ]FZ so that G is a (r, £) subspace evasive set
with construction time Oy, (1).

By invoking Corollary . (Case A) or Corollary . (Case B), we get an (r,0,¢,2¢) subspace
list-recoverable code C' C (FSO)Mt with rate at least R > 1/D and encoding time O, (1) poly (M)
for all large enough M. Let C' C (Fz) be the F-additive code where groups of ¢ consecutive
coordinates of C' are bundled together. By inspection, such a code is also an (7,0, ¢, 2¢) subspace
list-recoverable code, has rate at least R > 1/D, and encoding time Oy, .(1) poly(M) for all large
enough M.

Let M = [ 5], we know that R = 5 > —-. Therefore, dlm(C) > bM >n— b >(1—¢e)n+1 for
large enough n. Let k = n—bM and use a subcode of C C (Fj M w1th dlmensmn k. By Theoreml
we can construct a function g: IE"; — IFZM such that G C Fy is an (r, L = 2/) subspace evasive set
with construction and membership oracle time Oy ,..(1) poly(n). O

The second construction replaces the SLRCs based on Theorem [I7] with SLRCs based on Theo-
rem This is a more general construction since it works for all polynomial field sizes ¢ < poly(n).
However, the running time becomes n°("2), which can be less efficient compared to O, (1) poly(n)
running time of the previous construction when ¢ is a constant.

12



Theorem 25. For any constants v € Z~q, € € (0,1), and C > 0, for all sufficiently large n and
every prime power ¢ < nC, there exists an explicit (r, L) subspace evasive set A C Fy with

o (m{f, rlogg(r/e)})

and size |A| > ¢ We can construct a membership oracle for A with running time n©c (L)

Proof sketch. This proof is similar to that of Theorem We split the proof into two cases.
o (Case A) d = O(é), and
_ log (r/e)
e (Case B) d = O(—2 =),

In these two different cases we will use Corollary [21] and Corollary [22] respectively and set different
parameters as follows.

o (Case A) ¢ = [5OT21,D = 8r, and

£

e (Case B) ¢ = (M},D =3+ 3log,y ¢ so that D < 33(1 + logy(r/¢)).

£

Let e denote the smallest positive integer such that Q@ = ¢¢ > 8Dn. We know @ = poly(n).
Since an (r,d) subspace evasive set A C IFZ)/ ¢ with size at least Q(1=9)"/¢ actually implies an (r,d)
subspace evasive set A C Fy with size at least ¢179)" via a linear bijection between Fy and Fg, it
suffices to construct a subspace evasive set with the same quality but over the field extension Fg.

Therefore, we can assume ¢ > 8Dn without loss of generality.

Let so = 2r,t = [%] ,8 = sot,b=[55],d = {+1. We follow analogous reasoning as in the proof
of Theorem We only need to clarify the running time and check the parameter requirement
of Corollary [21| (Case A) or Corollary (Case B). Since b > 4r and M < 5, it follows that
q > 8Dn > 4rMt, so we can indeed invoke Corollary [21| (Case A) or Corollary [22| (Case B).

The construction time from Theorem |§| is qO((btstd)r) — (O(rd) — pO(rL) gince [ = 2(d—1),d=
Q(s) and s > b. Since the encoding time guaranteed by Corollary [21]and Corollary 22]is poly(n), by

Theorem is final construction time and membership oracle time can be bounded within n©%). [

The third construction uses [GRSZ26] based SLRCs instead. It provides better construction
time in many cases. However, it only achieves intersection size O(r?/¢).

Theorem 26. Fizr € Zt,c € (0,1) and prime power q, for infinitely many n, we can construct
(r,0(r?/€)) subspace evasive sets A C [y with size |A| > ¢ We can construct a membership

oracle for A with running time max(r, q)o(rg/‘f) + poly(n,r,logq).

Proof sketch. The proof is basically the same as the (Case A) of the above proof of Theorem
The only two differences are: (i) We replace Corollary [21| with Theorem with an advantage that
we only need to assume g > poly(r) rather than ¢ > 8Dn; and (ii) Some parameter settings need
to be scaled by constant multiplicative factors to match the statement of Theorem O
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5 Explicit List-recoverable Codes

In this section we present four explicit constructions of (1— R —¢,¢, L = poly({/¢)) list-recoverable
codes. All of these results share are based on the paradigm introduced by Guruswami and
Wang [GW13] of taking a subcode of an additive code using a subspace evasive set. We begin
by defining a notion of dimension list recovery.

Definition 27. For integers £, > 1 and p € [0,1], we say that an additive code C C (F;)" is
(p,£,r) dimension list-recoverable if for any sets S1,...,S, € (E), the list

L={ceC: Jye (S x-x8,),Ham(c,y) < pn}.
lies in an r-dimensional subspace of (Fy)".

Unlike our earlier notion of subspace list recovery (Defintion [4]) which intersects the recovered
list £ with a low-dimensional subspace, Definition [27| says that £ always lies in a low-dimensional
subspace. Despite being a rather strict notion, all the families of additive codes we consider in
this paper, when invoked with suitable parameters, are (1 — R — ¢, ¢, poly({/e)) dimension list-
recoverable. If we assume our additive code has an encoding map Enc : F’; — (F3)", by plugging in
a suitable subspace evasive set A C IF’; into the encoder, the subcode Enc(A) C C' has the property
that its recovered list £ lies in a low-dimensional subspace and this subspace has few elements in
Enc(A). We formalize this observation as follows.

Theorem 28. For prime power q, integers s,n,k,r,c,£ > 1 and R,e,p > 0. Let A C FZ be an (r,c)
1=¢/2)k that is constructable in time Ty. Let Enc : F’; — (Fo)"
be the encoding map of a code C' of rate % > R+¢e which is (p, £, r) dimension list-recoverable. Then
Enc(A) C (IE‘Z)” is an (p, ¢, c) list-recoverable code of rate at least R with encoding time Ty + Tine,
where Tgne s the runtime of Enc.

subspace evasive set of size at least ¢

Proof. For lists S1,...,5, C Fj of size at most £, we construct
L={ceC: Jye (S x--x8y,),Hum(c,y) < pn}.

Since C'is (p, ¢, r) dimension list-recoverable, we have that rank £ < r. Since A is an (r, ¢) subspace
evasive set, we have that A N Enc™!(£) has at most ¢ elements. Thus,

{c € Enc(A): Jye (S x---xS,),Ham(c,y) < pn} C Enc(4) N L = Enc(ANEnc (L))

has at most ¢ elements. Thus, Enc(A4) is (p, ¢, ¢) list-recoverable. Furthermore, the rate of Enc(A)
is at least % > (1—-¢/2)(R+¢) > R. The encoding time of Ty + Tgy. follows from the
construction being a direct composition. O

By picking various additive codes (RS, AEL, AG, and FRS) and invoking Theorem we
achieve a rich family of constructions of near-optimal list-recoverable codes. We now formally
describe each of these constructions.

5.1 Subcodes of Reed—Solomon Codes

We first construct explicit subcodes of Reed—Solomon Codes with good list-recoverability. It builds
upon the following additive subcodes of RS codes
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Theorem 29 ([CGZ26], list-recovery generalization of [GX22]—see also [KRZ26), Section 5.3]). For
any constants £ > 1,¢, R € (0,1), prime power ¢ > n and distinct evaluation points o, ..., an € Fy,
there exists s = O(1/?) and explicit Fy-additive Reed-Solomon subcode C' C (Fys)" of rate R such
that C is (1 — R —¢,£,0(£/€?)) dimension list-recoverable.

Composing Theorem Theorem [29| (with ¢ = ¢/2), and Theorem we get the following
explicit list-recoverable code.

Theorem 30. For any constants £ > 1, ¢ € (0,1), R € (0,1 —¢), and M > 1, for all sufficiently
large n, every prime power n < q¢ < nM, and distinct evaluation points o, ...,q, € Fy, there
exists s = O(1/e?) and an explicit subcode of a Reed—Solomon code over Fys with evaluation points
at,...,on and rate at least R that is

(1—R—5,£,O (élog€>)
€ 15

list-recoverable. The encoding time is nPoYam (/)

Remark 31. Very recently, Alrabiah, Goyal, and Guruswami [AGG26] constructed explicit Reed—
Solomon codes which (among other properties) are (1—R—¢,¢,0(¢/<)) dimension list-recoverable.
By composing that result with Theorem [25]and Theorem [28 one can construct codes of rate at least
R that are (1 —R—¢,0,0 (6% log g)) list-recoverable, approximately the same as our Theorem

5.2 Subcodes of AEL Codes

Our next construction of an explicit list-recoverable codes takes advantage of identifying a subcode
of AEL-based subspace design codes in [GGH26].

Theorem 32. For any constants { > 1,&, R € (0,1) and prime power q, for s = exp(O(£?/£?)log q),
there exist explicit Fq-additive codes over alphabet ¥y with rate at least R which are (1-R-
e,4,0(l/e)) dimension list-recoverable.

Proof. Let 7(r) = R+ ¢/2 for all r < %Z and 7(r) = 1 for r > %Z. By [GGH26, Theorem 1.1],
there exist explicit 7-subspace design codes with the prescribed rate, F,-additivity, and alphabet
size. Then, by [GG25, Lemma 2.10], such codes satisfies the required property that all messages
concerned in the statement lie within a certain 2?e—dimensionad subspace of ]F’; . ]

Composing Theorem Theorem [32| (with e = €/2), and Theorem [28, we get our next explicit
list-recoverable code.

Theorem 33. For any constants ¢ > 1,e, R € (0,1), there are explicit codes with rate at least R,
alphabet size exp(exp(O(£?/<?))) that are (1 — R — ¢, 4, O(EL2 log f)) list-recoverable. The encoding
time is Oy (1) poly(n).

5.3 Subcodes of AG Codes

Similarly, we also have explicit linear subcodes of AG codes with good list-recoverability. This is
due to a generalization of [GRZ21] from list-decoding to list-recovery.
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Theorem 34 (|[CGZ26], list-recovery generalization of [GRZ21]). For any constants £ > 1,¢,R €
(0,1), there exists a prime power q = O(s%), an extension Fgm with size ¢ = (5)0@/52) and explicit
[Fq-linear subcodes of AG codes over Fym with rate R which are (1 — R —¢,£,poly({/e)) dimension
list-recoverable.

We next compose Theorem [24] Theorem [34] (with € = £/2), and Theorem [2§|to get the following

construction.

Theorem 35. For any constants £ > 1,0 <e <1 and R € (0,1 —¢€), there are explicit subcodes of
algebraic-geometry codes over Fy,q = (g)ou/s?) with rate at least R that are (1— R—¢, ¢, poly({/e))
list recoverable. The encoding time is Oy (1) poly(n).

Although the list size here is worse than before (with a exponent that is not explicitly calculated),
it has the smallest-known alphabet size exp(poly(¢/¢)) of an explicit (1 — R — ¢, ¢, poly(¢/¢c)) list-
recoverable code. Even in the classical list-decoding literature where ¢ = 1, all previous explicit
(1 — R —¢,poly(1/e)) list-decodable codes require an alphabet of size at least exp(exp(poly(1/¢)))
(and which is achieved by [JMST25]).

5.4 Subcodes of Folded Reed—Solomon Codes

Finally we give explicit list-recoverable codes through a subspace evasive subcode of the folded
Reed—Solomon codes in [GROS|]. Such subcodes of folded RS codes were in fact the motivating use
of subspace evasive sets in the list decoding context in [Gurlll [GW13].

Theorem 36 ([GW13, Theorem 7]). For any constants £ > 1,6, R € (0,1),s > 16¢/¢? and q > sn,
there exist explicit Fy-folded Reed-Solomon codes over Fy with rate at least R such that the code is
(1-=R—¢,0,0(f/¢e)) dimension list-recoverable.

To finish, we compose Theorem Theorem (36| (with £ = £/2), and Theorem [28| to get the
following construction.

Theorem 37. For any constants £ > 1,e, R € (0,1), there are explicit subcodes of folded Reed—
Solomon codes with rate at least R, alphabet size (%)0(6/82) that are (1 — R — 5,€,O(§Iog§))
list-recoverable. The encoding time is nPoY (/<)

Despite the large alphabet, this construction yields efficient list-recovery algorithms thanks to
recent algorithmic advances [GG25), (GHKS25]. This is explained in detail as in Section

6 Algorithmic subspace evasion and list-recovery

We show that any of the above subspace evasive constructions can moreover be made algorithmic,
i.e., given a low-dimensional input subspace, its intersection with the subspace evasive set can be
computed efficiently. We then use this to make the list-recovery claim for the codes of Theorem
algorithmic.

6.1 Algorithmic version of subspace evasive set construction

The following result adds efficient intersection computation to the subspace evasive set construction
of Theorem
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Theorem 38. Let Ency,...,Enc, : Flg — Ffl be linear maps constructible in time T such that the
resulting code C = {(Ency(x),...,Enc,(z)),x € IE"(;} C (Fy)" is an r-lossless rank condenser, and
let f:Fg— IF'Z be so that G7 is an (r, cr) subspace-evasive set. Assume that given any linear space
AC IFZ‘H’ of dimension <r, GI N A can be computed in time Decy.

Then, we can construct a function g : Fl,; — IFZ” such that GY9 is an (r,cf) subspace-evasive set
of size ¢F, and G9 is constructable, and moreover given any subspace U C F’;*b" of dimension < r,
UNGY can be computed in time Decy + (c¢ + 1) - poly(n, s,1og q)

Proof. We let g(x) = (f(Enci(x)),..., f(Enc,(x))) as in the proof of Theorem [8| Observe that by
Lemma the condenser is an (1,0, ¢, cf) subspace list-recoverable code. Thus, by Theorem the
resulting construction is subspace-evasive. We now simply need to show that it is also “decodable”
efficiently.

Let the given linear space be U C F’;*bn of dimension < r. Now, let U’ be the projection of U
onto the first k coordinates. Let dim U’ = 7/ < r. Now, by Definition[11] there is a coordinate i € [n]
such that dim(Enc;(U’)) = 7’. Observe that such an i can be computed in time T¢ poly(n, s, r,log q)
by simply computing dim(Enc;(U’)) for all i € [n].

Now, for all w € U, let u' be the projection of it onto the first k£ coordinates and u] be the
projection onto the following ith block of b coordinates. Observe that if u € U N GY, we must
have that u; = f(Enc;(v/)). That is, (Enc;(u’),u;) € G/. Thus, we can now simply compute
{(Enc;(uw),u;) : v/ € U'} NG’ in Decy + T - poly(n, log g, s) time.

Since Enc; is injective on U’, we get that we can thus recover v’ for all v’/ € U’ such that there
is an u € U N GY with u<; = v’. Additionally, there are at most ¢y such choices of u'.

Now, it simply suffices to check which of them are in GY NU which takes cf-T¢ - poly(n, s,log q)
time. O

Corollary 39. For any € € (0,1), for large enough k and for any (r,ca) subspace-evasive set
AC (F];) that is constructable and has membership oracle in time T4, there is an A’ C F’;Hgkj which
is also (r,ca) subspace-evasive with |A'| = |A|, constructible in time Ogr (1) - poly(k) + caTa, and
for any U C IFJ;H‘EK,J of dimension < r, A'NU and can be computed in time Oy ro(1) poly(k)+caTa
time.

Proof. Observe that in Theorem we can pick the lossless rank-condenser to be of s = Oy ,-(1)
dimension and f from using Theorem [J to be such that bn < ek such that the resulting set GY is
(r,poly(r,1/¢)) subspace-evasive using Section .

Now, let A" = {(a,g(a)): a € A}. Observe that |A’'| = |A| and A’ NU C GY9 N U which can
be computed in time Oy (1) poly(k). But, now restricting to the first k coordinates, A is already
(r,ca) subspace-evasive. Thus, we can now check membership in A for all elements of (GY N U )<y,
with an additional c4T'4 time. O

6.2 Consequences for list-recovery

One key drawback of the above algorithmic results has been that the runtime scales as nPoW (/)
when ¢ > n. To see this, we observe that all of Theorems to require Decy = groly(¢/e).
Moreover, in almost all algorithmically list-recoverable codes with constant dimension, the corre-
sponding alphabet size ¢ is larger than n, and thus the existence of an 0&5(1)710(1) complexity
list-decoder is unclear. We provide a method to sidestep this obstruction by constructing subcodes

17



of folded Reed—Solomon codes that are (1 — R — ¢, ¢, poly(¢/¢)) list-recoverable with a randomized
list-recovery algorithm running in 037478(1)110(1) time.

Remark 40. We note that there are algorithmically (1—R—¢, ¢, Oy (1)) list-recoverable construc-
tions of rate R in the literature with alphabet O/, (1) as well, but as far as we know there is no
stated result showing that these constructions have their list contained in a poly(¢/e)-dimensional
space. The construction in [GGH26] does have the second feature, however no list recovery al-
gorithm was presented. We suspect that this should be possible by employing the techniques of
[JMST25| [ST25], but as far as we know, this has not been established in the literature. Here, we
present an alternative method, of possible independent interest, that circumvents this gap.

We remind ourselves of a result from [GG25] about the list-recovery of the folded Reed-Solomon
codes of [GRO8]. To state their result, we require the definition of a sum set.

Definition 41 (Sum Sets). P C C is an (u,v) sum-set in C if it is described by sets Ay, Ag, -+, Ay
with A; CC, |A;] <wv,and v/ <wusuch that P=A;+ -+ Ay ={a1 +as+ ...+ ay : a; € A;}.

Theorem 42. For every choice of { € N;e > 0, R > 0, any rate R s-folded Reed—Solomon code C
for s > sg = W has the following property
There exists an algorithm that takes in input lists Ly,--- , L, C Iy of size £ each, runs in time

poly(n, s,logq), and outputs the descriptions of t = 5(62/53) many

( P(R +e)log(2el/(R + ¢))
g

—‘ ,E) sum-sets Py, , P

such that {c € C: A(c,L1 x -+~ x Lp) <1 —R—¢} CU'_, P; with probability > 1.

Finally, we make use of the above results to achieve a O R,Z,E(l)nO(l) time list-recovery algorithm.
Broadly speaking, since we can efficiently find several sum-sets in a folded RS code and all concerned
codewords are in their union, it suffices to compute intersections of the linear spans of these sum-
sets with a subspace evasive set. Each sum-set is contained in an Fs-linear subspace of dimension
at most u/, so it is already enough to have subspace evasive sets over Fy rather than I, when ¢ has
characteristic 2, and subspace evasive sets over Fy yield efficient intersection-solving algorithms.

Theorem 43. For any ¢ € (0,1), £ € N, and rate R € (0,1 — ¢), there is a constant s = O(£/?),
and an explicit family of codes C C (F7)" of rate > R, for all sufficiently large n and a choice of
q = 2¢ with sn < q < 2sn, constructible in time Op (1) poly(n) and (1 — R — £, poly(£, 1/¢))
list-recoverable.

Moreover, there is a randomized algorithm given any Si,---,S, C Fy with [S;| < £ for all
i € [n], such that {c € C': A(c,S1 x -+ x8,) <1—R—¢€} can be output in time O, ¢(1) poly(n)
with probability at least 1/2.

Proof. Pick s = [64//¢%] and qy = 2, and let d be the smallest positive integer such that 2¢ > sn.
Let F, be the field of size ¢ = 2¢ and let k = [(R +¢/2)sn] — 1 and ko = dk.

We let 7 = [10¢1log(2el/c) /] and n = £/8, and set m = | ko/(1+n)]. By Theorem [24] we choose
Ap C F? to be an (r,poly(¢,1/¢)) subspace-evasive set with |Ag| > 2(l=m)m By Corollary

. . . . m-|nm . . . .
this gives a subspace-evasive set in [Fy, ") With the same size and intersection bound, whose

intersection with any subspace of dimension at most r can be computed in time O, (1) poly(m).

5Folded Reed-Solomon codes can be constructed for any ¢ > sn and do not require characteristic assumptions.
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Padding with zero coordinates, we let A C Flgg be the resulting subspace-evasive set. We have
|A| > 2(1=¢/2)ko for all sufficiently large n, and given any U C F’;g of dimension at most r, ANU
can be output in time O ;(1) poly (ko) = O, (1) poly(n). Going forward, for clarity in the argument,
we let L : Fsg — Fl; be an F,-linear isomorphism.

Now, let Cy be the s-folded Reed—Solomon code of dimension k over IF, and block-length n. Let
it be given by {Enc(z) : « € FF}.

Let C = {Enc(L(a)): a € A}. Observe that |C| = |A|. Thus, the resulting code has rate

log, | A
dsn

(1—e/2) (R‘L;_sln) > R,

k
>(1—-¢e/2)— >
> (1-¢/2) 2 >
for all sufficiently large n, where the last inequality uses R < 1 — ¢.

We now show the required list-recovery guarantee. Fix Si,...,5, C Fp of size at most ¢
each, and let Ry = k/(sn). Observe that by Theorem applied to Cy with rate Ry and error
parameter /2, there is an algorithm that outputs P, ..., P, which are (u, £) sum-sets in Cj in time
O. (1) poly(n) with ¢t = O(#2 /%), where

. [4(Ro +¢/2)log(2el/(Ry +€/2))

9

such that .
{ceC: A(C,Slx---xSn)gl—R—a}QUB
i=1

with probability at least 1/2. Here, we pad the input sets to size £ if necessary. The theorem applies
since s > 64(Ry +¢/2)¢/e? and Ry < R+ ¢/2, so its guaranteed radius is larger than 1 — R — &.

Now, we can observe that, for each i, we can write P, = A;; + -+ + A, with u; < v and
|A; ;| < ¢, and let

;i
Vi = spang, U Aij | € Co.
j=1

Since P; C V; and dimp, (Vi) < ul < r, we can compute
AN L YEnc (V)

in time Oy (1) poly(n), and it has size poly(¢,1/e) due to the subspace-evasive property of A. The
preimage is an [Fy -linear subspace, and a basis for it can be computed efficiently from the sum-set
description.

Finally, observe that since C' C Cj, we can compute C' N (UZZ1 V;) by encoding the points in
these intersections, and retain exactly those codewords satisfying A(c,S; x --- x S,) <1— R —e¢.
Since P; C V;, this outputs the required list in time Oy (1) poly(n) with probability at least 1/2.
Moreover, the list size is at most ¢ - poly (¢, 1/e) = poly (¢, 1/e). O

AT Methodology.

The results in this paper were mostly developed in May and June 2026 without the use of LLMs.
We prompted GPT models 5.5/5.6 with our constructions, but they could not improve the stated
bounds. Some LLM assistance was used to improve the overall writing quality.
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Recently we fed a draft of the paper into GPT-6 and it was able to improve the bound c in a
(r, ¢)-subspace evasive set construction to the optimal O(r/€) bound. This is via an entirely different
approach. We will report this separately after understanding and rewriting the construction and
proof. We note that our O(r/¢) bound is almost optimal and already an exponential improvement
over the previous bound.
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Random Linear Codes [ZP81, [Gur0O1l [RW1S| 70(1/9) (Z/E)O(Z/E) No
LS25]
Random Linear Codes [BCDZ26al o/ (Ree)CUTRIR) /e (Rié OUHRE) No
i _£ )\O((R+2)/e?) , \OUTE/E)
Random Linear Codes [GG26a) (7r2) Rﬂe) No
Random Codes £01/9) O(L/e) No
Folded RS Codes [GROS] (5)°0=®/=) (2)00oet®/=) Yes
Folded RS Codes & Subspace Evasive Sets [DL12] (E%)O(log(z)/az) (%)0(1/53) Yes
Univariate Multiplicity Codes [Kop15] (E%)O(log(z)/gz) (E%)O(log“)k% Yes
Folded RS/Univariate Multiplicity Codes [GW13)] (%)0(5/52) (”?Z)O(Z/E) Yes
Folded RS/Univariate = Multiplicity = Codes ne\O(£/c2) O((1+1og £) /) .
[KRSW23, [Tam24] (%) (t/e) Yes
Folded RS plus AEL Codes [KRSW23) (£)0@ los (¢/0)/<%) 00/ Yes
Llog(¢/e) ZOEvZ(IOg*(n))
Folded AG Codes [GX13] [GK16] exp (T 2 Yes
AG Codes + BTT evasive subspace [GRZ21] (5)0(8/52) exp(poly(¢/e€)) Yes
Codes Based on the AEL Framework [ST25] exp(exp(£/elog (£/¢)))| exp(exp(£/elog (£/e)))| Yes
Codes Based on the AEL Framework [JS26] exp((é/e)“/s)ws)) (/e)C¥/®) Yes
Folded RS/Univariate = Multiplicity = Codes e\ O(L/c2) o \OU+R/e) Ves
[BCDZ264] (%) (R+E) es
Codes Based on the AEL Framework [GGH26| exp(exp(O(£2/€?))) (Rié)o(HR ? Yes
RS codes + Subspace Evasive Sets (Theo- 0(1/2%) O(% Tog 1) Yes
rem e €
AG codes + Subspace Evasive Sets (Theo- £\0(/2)
rom () poly(¢/¢) Yes
Folded RS codes + Subspace Evasive Sets (The- (nf)O(Z/az) O(% log g) Yes
orem e e
AEL codes + Subspace Evasive Sets (Theo- 2, 9 0 ¢ i
rom [@ exp(exp(€-/e?)) O(z log 7) Yes
Any Linear Code |GLM ™22l [CZ25] [LMS25, [LS25] | Any (UES2) Lower Bound
Classical AEL Codes [BCPZ26] Any (UE/) Lower Bound

Table 2: This table gives a summary of many constructions of list-recoverable codes as well as some

known limitations.
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